We consider two dimensional N = (4, 4) superconformal field theories in the moduli space of symmetric orbifolds of K3. We complete a classification of the discrete groups of symmetries of these models, conditional to a series of assumptions and with certain restrictions. Furthermore, we provide a partial classification of the set of twining genera, encoding the action of a discrete symmetry g on a space of supersymmetric states in these models. These results suggest the existence of a number of surprising identities between seemingly different Borcherds products, representing Siegel modular forms of degree two and level N > 1. We also provide a critical review of various properties of the moduli space of these superconformal field theories, including the groups of dualities, the set of singular models and the locus of symmetric orbifold points, and describe some puzzles related to our (lack of) understanding of these properties. * volpato@pd.infn.it
Introduction
Non-linear sigma models (NLSM) with target space a symmetric orbifold Sym n (M 4 ), where M 4 = T 4 or K3, have been the subject of intense study in the last two decades. The interest in these models is mostly due to the role they play in the AdS 3 /CFT 2 correspondence as the holographic dual of AdS 3 × S 3 × M 4 [1] . The symmetric orbifold models represent some very special points in the moduli space of two dimensional N = (4, 4) superconformal field theories (SCFTs) at central charge c = 6n. A generic point in this moduli space (at least in the connected component containing symmetric orbifolds) can be thought of as a non-linear sigma model on a hyperkähler manifold of real dimension 4n, which is a deformation of Hilb n M 4 , the Hilbert scheme of n-points on the manifold M 4 . They also arise in type IIB string theory, as the infrared effective theories describing the worldsheet dynamics of a system branes wrapping the manifold M 4 . The most studied example of this construction involves a system of Q 5 D5-branes wrapping M 4 ×S 1 and Q 1 D1-branes wrapping S 1 , with Q 1 Q 5 = n.
This article is focused on the case M 4 = K3. In this case, the relevant target spaces are known in algebraic geometry as hyperkähler manifolds of K3 [n] type. The symmetric orbifold Sym n K3 can be obtained as a suitable limit of such manifolds, where the geometry becomes singular. In analogy with the terminology in algebraic geometry, we will call the SCFTs in the moduli space of Sym n K3 'of K3 [n] type'. These SCFTs are generically not free, even in the symmetric orbifold limit, and this makes explicit computations particularly challenging, at least for finite n, where holographic methods do not apply -for example, the partition function of a generic such model is not known.
The first major result of this article is a classification (up to isomorphisms) of the possible groups of discrete symmetries (satisfying certain conditions) of these SCFTs, for any n and any point in the moduli space. This is the generalization to manifolds of K3 [n] type of the analogous result for non-linear sigma models on a single K3 surface [2] . More precisely, we will consider symmetries acting by linear transformations on the states (or equivalently, on the fields) of the CFT, such that the N = (4, 4) supercurrents are invariant, and commuting with the spectral flow transformation relating the Neveu-Schwarz and the Ramond sector, both on the leftmoving and on the right-moving side. We will also require some technical restrictions on these symmetries, which is described precisely in section 3.1. These restrictions are clearer if one interprets the SCFT as the world-sheet theory for a system of branes in type IIB string theory, for example a bound state of D1-D5 branes. In this context, a first condition is that we focus on symmetries whose action extends to the whole type IIB string theory. The second constraint can be described very roughly as the condition that the symmetries (or rather their extension to the full type IIB string theory) do not to exchange branes with antibranes. In fact, it is quite surprising that these requirements is meaningful at all, i.e. that there might exist some symmetry that does not satisfy them. We will argue that this is the case in section 2.1. Finally, our analysis will exclude the models corresponding to a certain set of points in the moduli space. Conjecturally, this excluded set might be empty, i.e. the 'models' we are excluding might be singular limits in the moduli space where the SCFT is not really well defined. However, while we will provide some reasonable arguments in favour of this conjecture (see section 2.2), assuming that this is true seems to lead to some puzzles, related in particular to the locus of symmetric orbifolds. As long as these puzzles are not clarified, it seems safer to claim explicitly that these models, if they exist, are not part of our analysis. With all caveats in mind, we can now formulate our classification result: we will show that the group G of symmetries of a (non-singular) SCFT of K3 [n] type is isomorphic to a subgroup of the Conway group Co 0 (the group of automorphisms of the Leech lattice Λ), which fixes a sublattice of Λ of dimension at least 3. Conversely, given any subgroup G of Co 0 with this property and given any n > 1, there exists a (nonsingular) SCFT of K3 [n] type having exactly G as a group of symmetries. This is very similar to the result for NLSM on a single K3 surface, the only difference there being that the groups G ⊂ Co 0 where required to fix a 4-dimensional, rather than 3-dimensional, sublattice [2] .
In order to obtain this result, the main input from physics is the global form of the moduli space of SCFTs of K3 [n] -type. This moduli space is believed to be obtained by taking the quotient of a certain Grassmannian by a discrete group of dualities; from this quotient, one needs to exclude a subset corresponding to 'singular' limits where the SCFT is not well defined [3, 4] . The reader should be warned that our results are conditional to some assumptions (described in section 3.1) about the precise structure of the duality group and the location of the singular models. While these assumptions are quite standard, the arguments supporting them are not as stringent as, i.e., the case of the moduli space of NLSMs on K3.
If one relaxes our conditions and considers also symmetries acting by (roughly speaking) charge conjugation on the D-branes, then the corresponding groups can, in some cases, get larger, and become Z 2 -extensions of the groups described above. We were not able to determine exactly at which points in the moduli space these enlargement occurs and the precise group structure of the extensions.
There are analogous attempts in algebraic geometry to classify the groups of symplectic automorphisms of hyperkähler manifolds of K3 [n] type (see [5] [6] [7] ), which are subgroups of the groups of symmetries of the corresponding NLSM. For a single K3 surface, the problem was solved a long time ago by a famous theorem by Mukai [8] . The classification of these 'geometric' symmetries seems more complicated than the one of symmetries of SCFTs. In particular, certain groups G seem to appear only for some manifolds of K3 [n] -type only for n 'large enough'; by contrast, for SCFTs, a certain group G either occurs for all n > 1 or does not occur at all. The results of [2] , valid for non-linear sigma models on K3, were subsequently interpreted in [7] in terms of a classification of the groups of autoequivalences of the derived category of coherent sheaves on K3 surfaces. It is tempting to conjecture that the results of this article admit analogous interpretations in terms of derived categories of hyperkähler manifolds of K3 [n] type.
The second result of this article concerns the so called twining genera. Given a SCFT of K3 [n] -type with a group of symmetries G, one can define a g-twining elliptic genus (twining genus, for short) φ K3 [n] g (τ, z) obtained from the elliptic genus by inserting the symmetry g in the trace in the definition (??). One case where a twining genus can be easily computed is when the SCFT of K3 [n] type is the n-th symmetric orbifold of a NLSM C K3 on a K3 surface, and the symmetry g is induced by a symmetry g ′ of the seed theory C K3 . In this case, provided that the twining genera φ C K3 g ′r of g ′ and of all its powers g ′r are known for C K3 , one can compute a generating function (sometimes known as the 'second quantized twining genus')
for the elliptic genera φ Sym n C K3 g ′ of the induced symmetries in the symmetric orbifold Sym n C K3 , for all n. Upon including an 'automorphic correction', the second quantized twining genus becomes a (meromorphic) Siegel modular form 1/Φ g of genus 2 under a certain congruence subgroup of Sp(4, Z); explicitly, 1/Φ g (σ, τ, z) = Ψ g (σ, τ, z) pψ g (τ, z) .
(1.2) Both Ψ g and Φ g can be defined explicitly in terms of infinite products, whose exponents depend on the Fourier coefficients of φ C K3 g ′r for all powers g ′r . The set of possible twining genera of NLSM on K3 are known [9, 10] (although, for some symmetries g, there are more than one 'candidate' twining genus, and it is not known which one is actually realized in a given NLSM, see [10] ), so the computation can be effectively performed.
Standard arguments (reviewed in section 3.3) show that a twining genus φ K3 [n] g is invariant under deformations of the moduli that preserve the symmetry g, i.e. deformations generated by exactly marginal operators that are g-invariants. This means that there are connected families of models where the twining genus φ K3 [n] g is well-defined and constant -for NLSMs on K3, an analogous argument was developed in [9] . Therefore, it is sufficient to compute the twining genus at a suitable point (for example, a symmetric orbifold), in order to obtain the genus for all models in the corresponding family.
For this reason, it is interesting to study what are the possible families of models with a given symmetry g, and in particular families containing a symmetric orbifold point. We prove that, for each n, there are only finitely many distinct families of SCFTs of K3 [n] type with a non-trivial symmetry g (once we identify families related by dualities). We were not able to determine exactly how many such families exist, in general. However, we provide a complete classification of families containing symmetric orbifold points, and such that the corresponding symmetry g is induced by a symmetry of the seed theory. We also argue that there exist families of SCFTs of K3 [n] that are not of this kind, i.e. whose symmetry g is never the a symmetry of a seed theory C K3 in a symmetric orbifold point Sym n C K3 . For these families, we do not know any method for computing the corresponding twining genus.
A surprising result is the following. Consider a pair of NLSMs on K3, C K3 and C ′ K3 , with symmetries, respectively, g and g ′ of the same order, but not belonging to the same family. In general, one expects the corresponding twining genera φ C K3 g and φ C ′ K3 g ′ to be different. Our classification, however, shows that for some n (sometimes for all n > 1), the symmetric orbifolds Sym n C K3 and Sym n C ′ K3 with the induced symmetries g and g ′ belong to the same family. This implies that, while the twining genera of the seed theory are different, the ones of the n-th symmetric orbifold are the same. This phenomenon happens, for example, for symmetries of order 11: there are 4 isolated points in the moduli space of NLSMs on K3 having a symmetry of order 11. There are two possible twining genera for symmetries of order 11 [10] . While one cannot determine directly which twining genus is realized in each of the four isolated points, it is reasonable to expect that not all of them are the same; this expectation also fits nicely with a conjecture in [9] , related to the so-called Umbral Moonshine phenomenon [11] [12] [13] [14] . On the other hand, in this article we show that, for each n > 1, the n-th symmetric products of the four NLSM on K3 all sit in the same family with a symmetry of order 11. This means that the second quantized twining genera Ψ g of all these four K3 NLSM must have the same coefficients for all powers p n with n > 1. On the other hand, the second quantized twining genera are given by infinite products whose exponents are determined the twining genera of the seed theory. If the twining genera of the seed theory are really different, we would have different infinite products that only differ for the p = 1 term, thus implying an infinite number of non-trivial cancellations occurring. This seems even more puzzling if one consider the 'automorphic corrected' Siegel modular forms. In this case, one would have that the difference of the two Siegel modular forms contains only a term with power p 0 , which seems to be incompatible with the fact that this difference must be modular. All these arguments seem to falsify the conjecture that there are two distinct twining genera of order 11 for NLSM on K3. However, miracles seem to happen. Some numerical experiments seem to show that the two different second quantized twining genera do have the same p n terms for n > 1, at least up to n = 12. And even the modularity argument is avoided: indeed, for order 11 symmetries, the corresponding Siegel modular forms turn out to have weight 0. Furthermore, a direct calculation shows that the coefficients of the p 0 term in the corresponding Siegel modular forms, which in general are function of τ and z, differ only by a constant. Thus, one would have that the difference of two meromorphic Siegel modular forms of weight 0 is just a constant, which is perfectly compatible with modularity. In fact, this argument might be used to prove that the two meromorphic Siegel forms are the same up to a constant. Indeed, the location of the poles is strongly constrained by wall crossing [10] , so it is not unlikely that the two forms have exactly the same poles. If this is the case, then the difference must be a holomorphic Siegel form of weight zero, which is necessarily a constant. While we focused here in the introduction on symmetries of order 11, similar phenomena occur for several other symmetries: in total, we have 13 pairs of distinct Borcherds products that differ only by a constant. In all these cases, the corresponding Siegel modular forms have weight 0 and the p 0 -term in the difference is independent of τ and z. While such coincidences, if true, might be explained by modularity, it is still remarkable that there are so many examples where different infinite products lead to the same modular forms up to a constant. This is not an uncommon phenomenon for genus one modular forms, in particular products of eta functions, but we were not aware of any such example at genus two.
The paper is organized as follows. In section 2, we describe some general properties of the moduli space of SCFTs of K3 [n] type. Most of these results are wellknown, but we propose a new perspective on various aspects that are relevant for our subsequent analysis. In particular, in section 2.1 we discuss the group of dualities of these superconformal field theories, and its relationship with the well-known group of dualities to the type IIB string theory on K3. In section 2.2, we discussed the limits in the moduli space where the models become singular; this is mostly based on [4] , but we will suggest the possibility that those results might be modified. In section 2.3, we discuss the locus of symmetric orbifold points in the moduli space. The analysis of this section, together with 2.1 and 2.2, leads to some puzzles, whose solution is not clear to us. These puzzles suggest that our (at least, the author's) understanding of the moduli space of SCFTs of K3 [n] -type is not as watertight as, for example, the one of NLSM on a single K3 surface. In section 3, we describe our new results. In section 3.1 we classify the groups of symmetries of K3 [n] models. In section 3.2, we review the main properties of twining genera, whose classification is described in section 3.3. Finally, in section 4, we discuss the consequences of these results for the Borcherds products corresponding to the second quantized twining genera. Section 5 contains some suggestions for future research. Most of the technical results are contained in the appendices, where we also review the basic properties of the moduli space of type IIB on K3 and some basic facts about lattices that are needed in the rest of the paper.
Superconformal field theories of K3 [n] -type
The moduli space M n of the N = (4, 4) models at c = 6n, n > 1, in the connected component of Sym n (K3), is believed to be an open subset in the quotient [3] M n ⊆ O + n \Gr + (4, 21) , n > 1 ,
where The discrete group O + n , which depends on n, will be discussed at length in section 2.1. We will argue the O + n is a subgroup of the group of automorphisms O + (Γ 5,21 ) = O(Γ 5,21 ) ∩ O + (5, 21, R) of an even unimodular lattice Γ 5,21 ⊂ R 5,21 of signature (5, 21) . In particular, O + n contains the subgroup Stab + (v) of O(Γ 5,21 ) that fixes a primitive vector v ∈ Γ 5,21 of squared norm v 2 = 2n − 2. The space Gr + (4, 21) is interpreted as the Grassmannian of oriented positive definite fourdimensional subspaces Π in the space v ⊥ ∩ R 5,21 ∼ = R 4,21 , where R 5,21 = Γ 5,21 ⊗ R. With this identification, there is a natural action of Stab + (v) on R 4,21 , which induces an action on Gr + (4, 21).
As will be discussed in section 2.2, the open subspace M n is the complement in O + n \Gr + (4, 21) of some 'singular loci' of real codimension at least 4; as a consequence, M n is connected. In the limit where we approach such a singular point, the superconformal field theory is supposed to show some pathological behaviour, e.g. some correlators might diverge.
As reviewed in section A.1, in the context of type IIB string theory compactified on a K3 surface, Γ 5,21 can be interpreted as the lattice of charges carried by stringlike objects in the six dimensional theory, O + (Γ 5,21 ) is the group of U-dualities, and v is the charge of one of these strings, whose dynamics in the infrared (or near-horizon) limit, is described by an N = (4, 4) SCFT of central charge 6n. For example, the world-sheet dynamics of a system of Q 1 D1-branes and Q 5 D5-branes wrapping the K3 surface is described by a NLSM on a deformation of Sym n (K3), with n = Q 1 Q 5 − 1. We denote by
the sublattice of Γ 5,21 orthogonal to such a vector v. Since any two primitive vectors of the same length in Γ 5,21 are related by an automorphism in O + (Γ 5,21 ) (see appendix B), it follows that L v is uniquely determined by the integer n up to isomorphisms (for this reason, we will sometimes use the notation L n ). In particular, L n is isomorphic to the orthogonal sum w ⊕ Γ 4,20 of a 1-dimensional lattice w with a generator w of squared norm 2 − 2n and the even unimodular lattice Γ 4,20 of signature (4, 20) . The moduli space M n can be understood as a subset of the moduli space [15, 16] . In other words, there is an injective map Sym n :
is a subgroup of O + (L n ). In section 2.3, we will try to identify the locus M sym n within M n .
The duality group
In this section, we analyze the group of dualities O + n of SCFT of K3 [n] type. The duality group must necessarily preserve the Zamolodchikov metric on the moduli space, and therefore it will be a subgroup of the orthogonal group O(4, 21). Furthermore, an analysis similar to [9] section 3.2, shows that a duality in O(4, 21) preserves the world-sheet orientation of the SCFT if and only if it is contained in the O + (4, 21) subgroup that preserves the orientation of 4-dimensional subspaces in R 4,21 . We will denote by O n the group of dualities of SCFTs of K3 [n] -type that might or might not preserve the world-sheet orientation, and by O + n = O n ∩ O + (4, 21) that subgroup that does preserve the orientation. It is a matter of definitions whether two point in the moduli space related by a O n \ O + n transformation should be identified or not; in this article, we find it convenient to distinguish such points, so only the subgroup O + n will be relevant for the definition of the moduli space. As mentioned in the previous sections, these SCFTs describe the infrared dynamics of a stringy-like object of charge v ∈ Γ 5,21 , with v 2 = 2n − 2, in type IIB on K3 (or K3×S 1 ). The U-duality group of type IIB string theory on K3 is the group O(Γ 5,21 ) of automorphisms of the lattice Γ 5,21 . This U-duality group contains a subgroup Stab(v) that fixes the vector v. Dualities in the group Stab(v) map an object of charge v into itself, and preserve (setwise) the space v ⊥ ⊂ Γ 5,21 ⊗ R and therefore the Grassmannian Gr(4, 21) of positive definite 4-dimensional subspaces inside v ⊥ ∼ = R 4,21 . Therefore, any two points in Gr(4, 21) related by a transformation in Stab(v) must be dual to each other, i.e. they define equivalent superconformal field theories Stab(v) ⊆ O n . The subgroup of such dualities that preserve the world-sheet orientation is given by
and only this group will be included in O + n . Can the group O + n be strictly larger than Stab + (v)? Clearly, if a duality of the SCFTs of K3 [n] -type outside of Stab(v) extends to a duality of the full type IIB, then it must act by automorphisms on the lattice of charges Γ 5,21 , so it must be an element of O(Γ 5,21 ). Furthermore, it must preserve the space v ⊥ ⊂ Γ 5,21 ⊗ R, in order to have a well-defined action on the moduli space of SCFTs of K3 [n] -type. The only possibilities are that the duality either acts trivially on v (but in this case, it would be in Stab(v)), or it acts by v → −v. The latter transformation, if extended to the whole type IIB string theory, would exchange the effective string we are considering with its charge conjugate. In fact, as explained in section 2.3, the existence of such a duality follows from the existence of a certain symmetry at the points in the moduli space corresponding to symmetric orbifold Sym n K3. This symmetry acts non-trivially on the exactly marginal operators deforming the SCFT away from the symmetric orbifold locus. If two exactly marginal operators are related by such a symmetry, the corresponding deformed models must be dual to each other. In section 2.3, we will argue that such a duality can only be extended to a O(Γ 5,21 ) transformation that maps v into −v (at least for n > 2). So, it seems that this kind of dualities have to be included in O + n , which therefore must contain the group
(as the notation suggests, this is the setwise stabilizer of the sublattice Zv ⊂ Γ 5, 21 in O(Γ 5,21 ) ∩ O + (4, 21)). Finally, let us discuss the possibility that O + n contains some duality h ∈ O + (4, 21) of the SCFTs that cannot be extended to an element in O(Γ 5, 21 ). Recall that one of the arguments showing that O(Γ 5,21 ) is the full group of dualities of type IIB is that it is a maximal discrete subgroup of O (5, 21) , so that any larger group of dualities would make the moduli space of type IIB on K3 non-Hausdorff [15, 17] . In the case we are considering, the groups Stab + (v) and Stab + (Zv) are subgroups of the group O + (L v ) of automorphisms of the lattice L v . For generic n, however, they are strictly smaller than O + (L v ). 1 Therefore, even requiring the moduli space of SCFTs of K3 [n] type to be Hausdorff does not rule out the possibility that the duality group is a subgroup of O + (L v ) larger than Stab + (Zv). It might be possible to exclude these kind of dualities by showing explicit examples (maybe of symmetric orbifolds) of models that are related by such automorphisms of L v but are not equivalent to each other. In the absence of a full proof in this sense, in the following we will keep in mind the possibility that the duality group O + n of the SCFTs are subgroups of O + (L v ) larger than Stab + (Zv).
Could the group of dualities include also elements of O + (4, 21) that are not automorphisms of the lattice L v ? While we were not able to prove this rigorously, it seems reasonable to expect that any such transformation would generate a group that is not discrete, and such that the moduli space is not Hausdorff. From a different perspective, recall that for a NLSM on a single K3 surface, the lattice Γ 4,20 can be interpreted as the lattice of R-R charges of D-branes, and can be constructed within the SCFT itself by looking at the couplings of R-R ground fields with 1/2 BPS boundary states. One can consider boundary states also in SCFTs of K3 [n] type; it is reasonable to expect L v to be the lattice of charges for a suitable class of boundary states. If this is the case, then a symmetry of the SCFT should preserve this lattice, and therefore act on it by automorphisms. These arguments seem to suggest that the duality group O + n must be a subgroup of O + (L v ). In the following sections, we will assume that this is the case, and that O + n is some intermediate subgroup between Stab + (Zv) and O + (L v )
Singular limits
As explained in section A.1, the moduli space M IIB of type IIB superstrings compactified on K3 is a Grassmannian of oriented positive definite 5-planes Z within Γ 5,21 ⊗ R, modulo O + (Γ 5,21 ). For each point in M IIB , one has an orthogonal de-
be a primitive vector with v 2 = 2n − 2 > 0, representing the charge of some BPS object (the case v 2 = 0 is a bit peculiar, so let us not consider it here). Then, the attractor manifold for an object of charge v is the locus of subspaces Z containing v, so that v = (v + , 0) in the decomposition above. This locus can be identified with the moduli space of non-linear sigma models on hyperkähler manifolds of K3 [n] type, i.e. deformations of the Hilbert scheme of n points on the K3 manifold X (or the moduli space of sheaves on X with Mukai vector v). More precisely, a point Z in the attractor manifold of v determines an oriented positive definite 4-plane Π :
Seiberg and Witten [4] described the conditions on the attractor point Z such that the corresponding SCFT be singular. This only happens when the BPS object of charge v can decay into two BPS objects of charges v ′ and v ′′ . Formally, this translates into the existence of two vectors v ′ , v ′′ ∈ Γ 5,21 , that are not proportional to v (otherwise v would not be primitive), and such that
(2.11) (note that v + = v, because we are at the attractor manifold). Condition (2.10) is just charge conservation. The mass of a BPS object of charge v is proportional to the length |v + | of its component along Z. Therefore, for v = v ′ + v ′′ , one has |v| ≤ |v ′ | + |v ′′ | and the decay can occur only when the equality is satisfied, which is condition (2.11). The condition (2.9) ensures the existence of BPS objects with charges v ′ and v ′′ . To be precise, the condition (2.9) is slightly different from the condition (v ′ ) 2 , (v ′′ ) 2 ≥ 0 given in [4] , which seems to be appropriate only for compactifications on a torus T 4 . For compactifications on K3, there are BPS objects carrying charge with square norm −2: the easiest such example is a single D5-brane wrapping the K3 manifold, with carries Q 5 = +1 five brane charge a geometrically induced Q 1 = −1 one-brane charge, so that v 2 = 2Q 1 Q 5 = −2. Notice that the near horizon geometry of such objects is rather complicated [18] . It seems appropriate to exclude the points in the moduli space where the brane system of branes that we are considering can decay into one of these objects (plus some other decay product). The conditions (2.9)-(2.11) also lead us to exclude from the moduli space the points where some non-perturbative (at the attractor point) strings become tensionless [19] . This phenomenon can occur, for example, when the K3 surface contains a holomorphic 2cycle with self-intersection −2 (a P 1 ) whose volume is shrunk to a point, and with no B-field flux through it. A D3-brane wrapping such a cycle becomes tensionless at such a point in the moduli space. It is known that the SCFT describing the worldsheet dynamics of a fundamental type IIB string on K3, which is a NLSM on a single copy of K3, becomes singular at this point in the moduli space, due to the presence of such tensionless non-perturbative strings [15, 19] . It is reasonable to expect that, at such a point in the moduli space, the same will happen for the superconformal field theory of type K3 [n] describing the infrared dynamics of an effective string.
It is sometimes useful to repackage the conditions (2.9)-(2.11) in a different way. Let us first consider the case where (v ′ ) 2 , (v ′′ ) 2 ≥ 0. The conditions (2.10),(2.11) imply that v ′ + = αv and v ′′
then v ′ and v ′′ would be proportional to v). Up to an exchange of v ′ and v ′′ , we can assume that α ≤ 1/2, so that |v ′
The sublattice spanned by v, v ′ has signature (1, 1) (it contains a negative direction corresponding to v − ), so that
Thus, the conditions (2.9), (2.10), (2.11) imply
where the last inequality follows from
implies that the primitive sublattice M ⊂ Γ 5,21 of rank 2 containing both v and v ′ has signature (1, 1) . Let x ∈ M be a generator of v ⊥ ∩ M , so that x 2 < 0. If Z ⊥ x, then v ′ and v ′′ := v − v ′ satisfy all conditions (2.9), (2.10), (2.11) . Indeed, (v ′ ) 2 ≥ 0 follows from (2.14) and v 2 ≥ 0. Furthermore, v ′ and v ′′ can be written as
x 2 , and by (2.14) and the condition
Notice that x ∈ v ⊥ ∩ Γ 5,21 = L v , and that the condition Z ⊥ x is equivalent to Π ⊥ x.
Let us now consider the case where one of the charges v ′ or v ′′ has squared norm −2. Up to an exchange, we can suppose that (v ′ ) 2 = −2. In this case, the primitive sublattice M containing both x and v must contain v ′ satisfying
The latter equations are equivalent to (2.9), (2.10) and (2.11) for
Assuming that the conditions in [4] are necessary and sufficient for singularity, we conclude that the SCFT corresponding to Π is singular if and only if Π is orthogonal to x ∈ L v , such that the primitive sublattice M ⊂ Γ 5,21 contains a vector v ′ satisfying either (2.14) (case (v ′ ) 2 ≥ 0) or (2.15).
The conditions (2.14) and (2.15) are very similar to the condition describing the Kähler cone of a hyperkahler manifold X of type K3 [n] [5, 6] . Recall that the lattice H 2 (X, Z) is isomorphic to the orthogonal complement in Γ 4,20 of a primitive vector v of norm 2n − 2. The Kähler cone, i.e. the region of H 2 (X, R) spanned by the Kähler classes of X, is delimited by some walls, which are the hyperplanes orthogonal to certain'wall divisors' D ∈ H 2 (X, Z). Then, D ∈ H 2 (X, Z) is a wall divisor if the primitive lattice of rank 2 T D ⊂ Γ 4,20 containing both v and D has a generator r D satisfying either
which have the same form as the conditions (2.14) and (2.15 ). This is not completely surprising. In the limit where a Kähler class reaches the boundary of the Kähler cone, one of the holomorphic cycles shrinks to zero volume, and the geometry of the hyperkähler manifold becomes singular (for example, an orbifold). In general, a non-linear sigma model whose target space is such a singular geometry can be perfectly well-defined -orbifolds are the main examples of these phenomena. On the other hand, what usually happens is that this consistent orbifold has some fixed non-zero B-field. If we turn off the B-field, then one usually expects the non-linear sigma model to become singular as well. Therefore, for zero B-field there should be a precise correspondence between singular geometries and singular CFT. The similarity of the equations (2.16)-(2.17) with (2.14)-(2.15), therefore, gives further support to our analysis of singularities.
On the other hand, as we will see in section 2.3, the analysis of this section seems to be in contradiction with the properties of symmetric orbifolds. In section 2.3 we will try to determine the locus of symmetric orbifolds models within the moduli space M n , for all n. The outcome is puzzling: all symmetric orbifolds occur at points in the moduli space that, according to the analysis above, should be singular! Since we are not sure what the resolution of this puzzle is, the results of the present section cannot be completely trusted.
The symmetric orbifold locus
In this section, we will discuss the locus M sym n ⊂ M m in the Hilbert space of SCFT of K3 [n] type corresponding to symmetric orbifolds.
If C S denotes the NLSM on the K3 surface S, corresponding to a certain choice of hyperkähler structure and B-field, then the symmetric orbifold Sym n C S (where orbifold is understood in a CFT sense) is a NLSM on a hyperkähler manifold X of K3 [n] type. In particular, one expects the geometry of the target space to be the one of the symmetric orbifold (in a geometric sense) Sym n S, i.e. with α 1 = α 2 = λ = 0 in the notation of appendix A. 2 The space of states of the orbifold CFT Sym n C S is the sum over [σ]-twisted sectors for each conjugacy class [σ] of S n ; the untwisted sector corresponds to [σ] being the identity class. In turn, each conjugacy class for the symmetric group S n can be labeled by the cycle shape n i , with i n i = n of the class. There are 84 exactly marginal operators in Sym n C S , preserving the N = (4, 4) superconformal algebra, corresponding to deformations of the CFT in the 84 dimensional moduli space of NLSM of K3 [n] type. Out of these 84 deformations, 80 are contained in the untwisted sector and can be naturally identified with deformations of the 'seed' CFT C S -they are literally obtained by symmetrization σ∈Sn σ(χ ⊗ 1 ⊗ . . . ⊗ 1) of the exactly marginal operators χ on C S . The remaining 4 moduli are contained in a twisted sector. Recall that the N = (4, 4) preserving exactly marginal operators are fields of conformal weight (1, 1) and neutral under SU (2) L × SU (2) R R-symmetry, that are obtained as supersymmetric descendants of NS-NS fields with conformal weights (h,h) = (1/2, 1/2) and R-symmetry charges (q,q) = (1/2, 1/2) (we normalize the charges so that they are half-integral). It was shown in [20] that the lowest chiral operators (i.e. with h = q) in the sector corresponding to a cycle shape i n i has
It is clear then that fields with h = q = 1/2 andh =q = 1/2 can only occur in the untwisted sector or in the [σ]-twisted sector where σ is a single transposition (i.e. with cycle shape 1 N −1 2 1 ). In particular, there is a unique such field in the [σ]-twisted sector, and it coincides with the [σ]-twisted ground field. 2 This field has four supersymmetric descendants of weights (1, 1) and neutral under R-symmetry, which are the twisted sector exactly marginal operators. Therefore, the 4 marginal operators not associated with deformations of the seed theory come from the [σ]twisted sector where [σ] is the class of a single transposition, and can be identified with deformations of the remaining moduli α 1 , α 2 , λ, β of the NLSM on X (see appendix A.2). Notice that every symmetric orbifold has a Z 2 symmetry (that we will call a quantum symmetry) acting by multiplication by (−1) sgn(σ) on the [σ]-twisted sector. Indeed, the OPE of a [σ 1 ]-and a [σ 2 ]-twisted fields can contains a field in the [σ 3 ]twisted sector only if σ 3 is conjugate to σ 1 hσ 2 h −1 for some h ∈ S N ; then it is clear that sgn(σ 3 ) = sgn(σ 1 hσ 2 h −1 ) = sgn(σ 1 ) sgn(σ 2 ), so that the symmetry preserves the OPE. This Z 2 symmetry acts trivially on the 80 marginal operators in the untwisted sector and changes the sign of the 4 twisted sector marginal operators, since they are contained in a [σ]-twisted sector with σ an odd permutation.
The presence of the quantum symmetry will be our main tool in trying to identify the locus M sym n ⊂ M n . Suppose that a certain K3 [n] model has a symmetry t acting on exact marginal operators in the same way as the quantum symmetry of the symmetric orbifold. This means that, with respect to the action of t ∈
splits as the sum of a 4-dimensional subspace (a 4-dimensional representation of SO(4)) with t-eigenvalue −1 and an 80-dimensional subspace (twenty 4-dimensional representations of SO(4)) with eigenvalue +1. As a consequence, in the 4 ⊕ 21 representation of SO(4)×O(21) (i.e. on R 4,21 ≡ L v ⊗R), t has a −1 eigenvalue in the 21-dimensional component, and fixes the 24-dimensional orthogonal complement. Let s ∈ R 21 ⊂ R 4,21 be a generator of the −1 eigenspace (this implies that s 2 < 0). Then, t acts on any x ∈ R 4,21 by a reflection with respect to the hyperplane s ⊥
Notice that this formula is invariant under rescalings of s, s → αs, α ∈ R \ {0}.
It is easy to check that the transformation t is in O (4, 21) . In order to be an automorphism of the lattice L v , it must be that
This implies, in particular, that s is proportional to a lattice vector; without loss of generality, we can rescale it so that s is a primitive vector in L v . With this choice, the condition for t to be a lattice automorphism is
Let div(s) be the greatest common divisor of (s, x), x ∈ L v ; for the lattice L v , the possible values of div(s) are the divisors of 2n − 2 (see appendix B). Then, the condition (2.20) can be written as (s, s)|2 div(s). On the other hand, we also have div(s)|(s, s), from which we find the two possibilities div(s) = −(s, s) or div(s) = −(s, s)/2 (note that (s, s) < 0 and div(s) > 0). In order to identify the vector s, we need some additional information. We know that the locus M sym n of symmetric orbifolds is a connected 80-dimensional orbifold isomorphic to (4, 20) . On the other hand, the locus F t of K3 [n] -models with symmetry the reflection t is also 80-dimensional and connected: it is given by the quotient F t = H s \Gr + (4, 20) of the Grassmannian of four dimensional positive definite subspaces in s ⊥ ∼ = R 4,20 , quotiented by the subgroup H s of the duality group that fixes s up to a sign. Since every symmetric orbifold has the symmetry t, one has M 1 ⊆ F t ; on the other hand, since both spaces are connected and have the same dimension, must be an equality M sym
. It is easy to check that this can only happen if div(s) = 2n − 2. Indeed, H s is a group of automorphisms of the sublattice s ⊥ ∩ L v . Up to dualities, one can always take both v and s to be contained in some Γ 2,2 ⊂ Γ 5,21 ; therefore, s ⊥ ∩L v contains a copy of Γ 3,19 as a primitive sublattice. By acting by H s ∼ = O + (Γ 4,20 ) on this Γ 3,19 , one obtains a lattice isomorphic to Γ 4,20 , which must be contained in (4, 20) and is even, and these conditions imply that s ⊥ ∩ L v ∼ = Γ 4,20 . One has the lattice inclusions Γ 4, 20 
, and since s is primitive we must have the equality L v = Γ 4,20 ⊕ s . This isomorphism implies that div(s) = −(s, s) = 2n − 2.
We conclude that the symmetric orbifold locus M sym n corresponds to the Grassmannian of 4-dimensional subspaces orthogonal to a vector s with div(s) = −(s, s) = 2n−2. As we explain below, for generic n this analysis is not sufficient to identify the vector s (and therefore M sym n ) up to dualities. However, it is enough to reach a puzzling conclusion: for any s ∈ L v with div(s) = −(s, s) = 2n − 2, a four-dimensional subspace Π orthogonal to s corresponds to a singular model, according to the arguments of [4] and of section 2 20 , the vectors s and v are contained in a sublattice Γ 1,1 ⊂ Γ 5,21 . Let u, u * be generators of this Γ 1,1 , such that (u, u) = (u * , u * ) = 0, (u, u * ) = 1. Then, s and v can be written
for some a, b ∈ Z coprime and such that ab = 2n − 2 (in fact, the different duality orbits of vectors s are labeled by this pair of integers). We can always choose u, u * in such a way that a, b > 0. Then, whenever Z = v ⊕ Π is orthogonal to s, we have that v ′ := u and v ′′ := (a − 1)u + bu * satisfy the conditions (2.9)-(2.11) (and, in fact, even the stricter conditions in [4] ). There are a few possible resolutions of this puzzle:
• The symmetric orbifold model is not a well defined CFT. This seems quite a radical departure from what we know from conformal field theory and string theory.
• We have misidentified the locus of symmetric orbifolds M sym n . This means that there must be a hole in one of the arguments we used. One of the ingredients is the existence of the quantum symmetry of symmetric orbifolds. This is just based on the standard properties of non-abelian orbifolds, so it seems quite a safe statement, although there might be some potential subtleties with the definition of the symmetry in sectors other than the NS-NS. Another ingredient we need is the fact that two models obtained by deforming the symmetric orbifold by exactly marginal operators related by a symmetry are dual to each other. This should be true, provided that conformal perturbation theory correctly reproduces the correlators of the deformed models in some neighborhood of each point in the moduli space. This is clearly a delicate assumption, but without this assumption the whole construction of the moduli space M n should be reconsidered. One of the most delicate ingredients is the assumption that the group of dualities acts by automorphisms of the lattice L v . In section 2.1 we discussed why it is unlikely that the duality group is larger. It would be nice to have a rigorous argument showing that this assumption follows from the requirement that the moduli space M n be Hausdorff. Notice that, for the arguments of this section to work, we don't need to assume that the duality group is a proper subgroup of O + (L v ).
• We have misidentified the locus of singular models in Gr (4, 21) . The arguments described in section 2.2 are certainly reasonable, but do not seem to be conclusive. This seems to us as the most likely possibility. Unfortunately, a precise description of the set of singular models is needed for the classification of symmetries of SCFTs of K3 [n] type that we will attempt in the following sections. This means that our results will be conditional to a long list of assumptions and restrictions. We hope to be able to drop some of these assumptions in future works. 
Symmetries and twining genera
In this section we will discuss the classification (up to isomorphisms) of the possible groups of symmetries of a (non-singular) N = (4, 4) superconformal field theories with central charge c = 6n, n > 1, in the moduli space non-singular NLSM on hyperkähler manifolds of K3 [n] type. The results and the methods are very similar to the ones relevant for non-linear sigma models on K3 [2].
A (restricted) classification of symmetries
Let us consider v ∈ Γ 5,21 , with v 2 = 2n − 2, and suppose that the five plane Z is at
. We assume that this point is non-singular, in the sense of section 2.2, so that we expect the corresponding CFT to be well defined. Our goal is to determine the possible group of symmetries of the CFT C.
Let us try to be more precise. By symmetries of a conformal field theory we mean a linear transformation of the fields that preserves the OPE, fixes the vacuum vector and the stress-energy tensor. We will focus on symmetries that satisfy some additional properties:
(1) They commute with the full N = (4, 4) superconformal algebra (and not only the Virasoro algebra).
(2) They commute with left-and right-moving spectral flow isomorphism relating the Neveu-Schwarz with the Ramond sector of the theory;
While there are certainly interesting symmetries that do not satisfy these conditions, there are some good reasons to require them. The first reason is practical: without these conditions, the classification problem is much more complicated, and in fact it is not solved even in the case of non-linear sigma models on K3. Secondly, these properties assure that the action on the low-energy six dimensional type IIB string compactification preserves space-time supersymmetry. Finally, these conditions are the exact analogue of the ones required in [2] for NLSM on K3 and in [21] for NLSM on T 4 . Let G be the group of symmetries of the CFT C satisfying the conditions (1) and (2) above. Then, G has an action on the 84 dimensional space of exactly marginal operators of the model, which can be identified with the tangent space to the Grassmannian Gr + (4, 21) at the point corresponding to C. 5 These fields are suitable supersymmetric descendants of the 84-dimensional space of superconformal primaries of weights (1/2, 1/2), which decomposes into 21 representations of 4 This is because, for a lattice containing a copy of
preserving the quadratic form (defined modulo 2Z). Every two generators of Z 2n−2 with norm 1 2n−2 are related by some element of O(L * v /L v ), and this element lifts to some automorphism in O(L v ). The latter automorphism maps s to a vectors with the same norm and divisor. 5 To be precise, C determines a point in the quotient Gr + (4, 21)/O + n , and one has to choose a lift of this point to Gr + (4, 21). What follows is independent of this choice. the superconformal algebra. By (1), the symmetry G will act by a O(21) transformation on these 21 representations, i.e. the group of O(4, 21) transformations that leave the positive definite 4-dimensional subspace Π point-wise fixed. If two exactly marginal operators are related by a symmetry in g, then the models obtained by the corresponding deformations will be equivalent, i.e. related by a duality. This means that the action of the 80-dimensional space must be induced by a transformation in the duality group O + n . We conclude that there must be a homomorphism
. This homomorphism must be surjective: every duality in O + n fixing the 4-dimensional space Π will map the theory C into itself in a non-trivial way (as can be seen from the action on the exactly marginal operators), so it must lift to a symmetry of the theory satisfying (1) and (2). One can also argue that the homomorphism is injective. Indeed, any element g in the kernel would act trivially on the whole space of exactly marginal operators of the theory. As a consequence, the kernel of this homomorphism is preserved by any deformation, and since the moduli space is connected, it must be a symmetry of every SCFT in the moduli space. Therefore, in order to exclude a non-trivial kernel for every model in the moduli space, it is sufficient to choose one K3 [n] -model C and show that C has no symmetries satisfying (1) and (2) and acting trivially on all exactly marginal operators. A suitable model for this analysis is given by C = Sym n C ′ , where C ′ is the NLSM on K3 with 'the largest symmetry group', described in [22] . The details are relegated to appendix C.1.
As discussed in section 2.3, the group O + n contains a normal subgroup Stab + (v) which is the subgroup of O(Γ 5,21 ) fixing the vector v. Physically, these are the dualities that lift to dualities of the full type IIB string theory and that fix the charge v of the string-like object we are considering. One can expect O + n to be strictly larger than Stab + (v). In particular, for n > 2, the set O + n \ Stab + (v) should contain elements in O(Γ 5,21 ) that flip the sign of v: if our analysis of section 2.3 is correct, then for n > 2 every symmetric product Sym n C ′ of a NLMS C ′ on a K3 surface has a self-duality in this set, which in turn satisfies (1) and (2) . For the purpose of the classification, it is convenient to require the symmetries that satisfy (1), (2) and (3) They lift to symmetries of the whole type IIB string theory fixing the vector v ∈ Γ 5,21 .
This is quite a natural restriction from a space-time viewpoint. From the perspective of the non-linear sigma model, however, it would be interesting to consider the larger group of symmetries where (3) is not necessarily satisfied. We will not attempt a classification of these groups in this work.
We will also put some restriction on the set of models we will consider. As argued in section 2.2, the set S roots n ⊂ O + n \Gr + (4, 21) corresponding to 4-planes Π that are orthogonal to some root r ∈ Γ 5,21 , r 2 = −2, should be contained in the set of singular models, and therefore should be excluded from the moduli space M n . On the other hand, the analysis of symmetric orbifolds (in particular, for n = 2), seems to be in contradiction with this conclusion. For this reason, it is preferable to take an agnostic view on this argument and explicitly exclude such models from our classification. This restriction greatly simplifies the classification problem we are considering -in fact, we were not able to generalize this classification so as to include these models.
Finally, we will assume that the set of singular models is not larger than the set S described in section 2.2. This assumption will be needed for the second part of theorem 3, in order to show the existence of a non-singular model with a given symmetry group G. 6 Our discussion leads us to conclude: 21 , and such that Π is not orthogonal to any r ∈ L v , r 2 = −2. The group of symmetries G Π satisfying the conditions (1), (2), and (3) above is isomorphic to the subgroup of Stab
While this is in principle a complete characterization of the symmetry groups G Π , in practice it is not a trivial task to determine which groups can actually arise. The following propositions provide a much more useful characterization of the groups G Π .
The proof is in appendix C.2. This proposition shows, in particular, that the group G Π only depends on the isomorphism class of the lattice L Π . In particular, different models C Π , C Π ′ corresponding to isomorphic lattices L Π ∼ = L Π ′ have isomorphic groups G Π ∼ = G Π ′ , even if they are not related by a duality.
The most useful characterization of the groups G Π is given by the following theorem, which is a direct analogue of the main result of [2] . Let Λ be the negative definite Leech lattice, i.e. the unique negative definite even unimodular lattice of rank 24 without roots, i.e. vector of square norm −2. Its group of automorphisms O(Λ) is the finite group Co 0 ∼ = Z 2 .Co 1 , which in turn is a central Z 2 extension of a finite simple group Co 1 . Proposition 3. Let C Π be a non-singular SCFT of K3 [n] -type, n > 1, corresponding to a 4-subspace Π ⊂ L v ⊗ R ∼ = R 4,21 , and such that Π is not orthogonal to any r ∈ L v , r 2 = −2. Let L Π = L v ∩ Π ⊥ and G Π = O 0 (L Π ) be the group of symmetries of C Π satisfying the conditions (1), (2), and (3) above. Then, L Π is isomorphic to a primitive sublattice Λ Π of the Leech lattice Λ of rank rk Λ Π ≤ 21, and G Π is isomorphic to the subgroup of Aut(Λ) ∼ = Co 0 fixing pointwise the sublattice Λ ∩ Λ ⊥ Π of rank at least 3.
Vice versa, ifG ⊂ Co 0 is the pointwise stabilizer of a sublattice ΛG of the Leech lattice Λ of rank at least 3, then for every n > 1 there exists a non-singular NLSM C Π on K3 [n] whose group of symmetries G Π is isomorphic toG and such that L Π ∼ = (ΛG) ⊥ ∩ Λ.
The proof is in appendix C.3. Triples (G, ΛG, ΛG) whereG ⊂ Co 0 is the stabilizer of a sublattice of Λ, and ΛG and ΛG = (ΛG) ∩ Λ are the corresponding invariant and coinvariant lattices, were classified in [23] up to isomorphisms. Out of the 290 groups listed in [23] , 221 have an invariant sublattice ΛG of rank at least 3. As expected from the analysis of section 2.3, the quantum symmetry of symmetric orbifolds is not included in the group G Π classified in this theorem. Indeed, there is no element of Co 0 of order 2 fixing a 3-dimensional sublattice of Λ and acting by −1 on the orthogonal complement. This means that, as argued in 2.3, either the n-th symmetric orbifold corresponds to a 4-plane Π orthogonal to a root (which seems to be the case for n = 2), or the quantum symmetry does not satisfy the conditions (1), (2), and (3). In fact, it is easy to see that the extension of the quantum symmetry to O(Γ 5,21 ) must act on v by v → −v, so that (3) is not satisfied.
It is quite remarkable that the list of groups appearing as possible groups of symmetries of NLSM of K3 [n] type is essentially independent of n, at least for n > 1. When the fixed sublattice has rank at least 4, a partial explanation of this phenomenon is given by the symmetric orbifold construction. Indeed, in this case, we know from [2] that there exists a NLSM on K3 C ′ with symmetry group G, so that in all the symmetric orbifold models Sym n C ′ the symmetry group must contain G, and it is easy to take a deformation for which the group is exactly G. From the perspective of type IIB string theory on K3, what happens is that there is a family of models in the moduli space having a self-duality group G ⊂ O Γ 5,21 fixing a sublattice Γ 1,1 ⊂ Γ 5,21 . Therefore, all NLSM describing the world-sheet dynamics of stringy-like objects whose charge is in this G-fixed sublattice will have G as a group of symmetries. We do not see any similar explanation for the case where the rank of the fixed sublattice is exactly 3.
Let us briefly comment on the problem of classifying groups of symmetries G * Π that satisfy property (1) and (2) (1) and (2), but not (3)), or of the form G * Π = G Π .Z 2 , i.e. it contains a normal subgroup G Π such that G * Π /G Π ∼ = Z 2 . Furthermore, it is clear from our construction that G * Π must be a subgroup of the group O(L Π ) of the lattice L Π := Γ 5,21 ∩ Z. It seems difficult to find a practical criterion to determine whether G * Π is larger than G Π or not. In particular, this seems to depend not only on the isomorphism class of L Π , but also on n, on v, and in the way L Π is embedded in Γ 5, 21 . It also seems difficult to determine the precise structure of the group G * Π in the cases where it is different from G Π -in general, there can be many nonisomorphic groups G * Π such that G * Π /G Π ∼ = Z 2 . In particular, the example of the symmetric orbifolds shows that G * Π is not always a subgroup of Co 0 . We hope we will be able to address these issues in future works.
Twining genera
Given a NLSM C of K3 [n] type with a group of symmetries G (satisfying the conditions (1), (2) and (3) for all g ∈ G.
Here, the trace is taken over the Ramond-Ramond sector of the theory C, L 0 andL 0 are the holomorphic and anti-holomorphic Virasoro generators, J 3 0 is the zero mode of a Cartan generator in the su(2) k subalgebra of the holomorphic N = 4 superconformal algebra, F andF are the holomorphic and anti-holomorphic fermion numbers. For g = 1, φ g reduces to the elliptic genus of the model C. As for the elliptic genus, only states with L 0 −c 24 = 0 (right-moving ground states) can give a non-vanishing contribution to this trace: the contributions of states with L 0 −c 24 > 0 cancel each other due to supersymmetry. This implies that φ g (τ, z) is a holomorphic function of (τ, z) ∈ H × C In a path integral formulation of the NLSM, the twining genera can be described in terms of a path integral on a world-sheet Σ of genus 1 (a torus) with modular parameter τ , with the insertion of the operator y J 3 0 , and where all the fields are required to be periodic around one of the cycles in a basis of H 1 (Σ, Z), and twisted by g as one goes around the other cycle. From this description, and from spectral flow invariance, one can argue that φ g (τ, z) must transform as a Jacobi form of weight 0 and index n (see [24] for the relevant definitions)
for a suitable subgroup Γ g ⊂ SL(2, Z). We have allowed for the possibility of a non-trivial multiplier χ g : Γ g → C × , which cannot be excluded by path integral arguments (and can be shown to exist in some explicit examples). Once the twining genera φ g are given for all g ∈ G, using standard group theory arguments one can determine how every simultaneous eigenspace for L 0 ,L 0 , J 3 0 (which is always finite dimensional) decomposes as a sum ⊕ i n i R i over the irreducible representations R i of G, with n i are Z 2 -graded multiplicities, where the grading given by the total fermion number (−1) F +F . This means that the twining genera are not sufficient to detect whether a certain eigenspace contains the sum of two copies of the same G-representation with opposite fermion number, since their contribution cancels exactly. In fact, we know that huge cancellations do occur in every model C due to supersymmetry: for example, all contributions from states with L 0 −c 24 > 0 cancel each other. In this sense, one can only recover partial information from the twining genera.
Nevertheless, the twining genera are useful for two reasons. First, they provide interesting information about the action of G on some important subset of states, namely the ones that supersymmetric with respect to the anti-holomorphic N = 4 superconformal algebra. Secondly, as we will explain in the rest of this section, one can determine a large number of such twining genera, whereas by contrast the analogous computation of 'twining partition functions' without the inclusion of the fermion number (−1) F +F is in general out of reach (except for a few very special points in the moduli space).
The property that makes the twining genus φ g computable is the fact that it is invariant under continuous deformations of the moduli that preserve the symmetry g. The argument for this is completely analogous to the one leading to the invariance of the elliptic genus (see for example [9] ). By the analysis in section 3.1, any symmetry g can be identified with an element in Stab + (v) ⊂ O + (Γ 5,21 ) fixing a sublattice Γ g ⊂ Γ 5,21 of signature (5, d), d ≥ 0. An infinitesimal deformation of the NLSM preserves the symmetry g if and only if it is generated by a g-invariant exactly marginal operator. It follows that, for each symmetry g ∈ O + (Γ 5,21 ), there is a family of non-singular models with symmetry g, consisting of all non-singular (in the sense of section 2.2) positive definite oriented 5-planes Z containing v, with Z ⊂ Γ g ⊗R. Equivalently, it can be seen as an element of O + 0 (L v ) ∼ = Stab + (v) acting trivially on a sublattice (L v ) g of signature (4, d), d ≥ 0. This family is necessarily connected, because it is the quotient by a discrete group of dualities of a space of the form Gr(4, d) \ S, where Gr(4, d) is the Grassmannian of positive definite four planes Π ∈ (L v ) g ⊗ R ∼ = R 4,d , and S is the locus of singular NLSM, described in section 2.2, which has codimension at least 4. This means that the twining genus φ g depends only on the element g ∈ Stab + (v), and not on the particular model C ∈ F g in which it is computed. Therefore, in order to determine the twining genus φ g for the whole family F g , it is sufficient to compute it at any point in F g . Furthermore, if two elements g, g ′ ∈ Stab + (v) are conjugate in Stab + (v), i.e. g ′ = hgh −1 for some h ∈ Stab + (v), then the models of the family F g are dual to the ones in the family F g ′ , and the corresponding twining genera φ g and φ g ′ are the same. 7 It follows that the twining genus φ g only depends on the conjugacy class of g in Stab + (v). Finally, invariance of the N = 4 characters under charge conjugation implies
To summarize, while the definition of the twining genera φ g refers to a specific CFT of K3 [n] type, the twining genus itself only depends on the element g ∈ Stab + (v) up to conjugation in Stab + (v) and is invariant under charge conjugation g ↔ g −1 .
Each such class determines a connected family F g of non-singular CFTs of K3 [n] type, such that φ g is well-defined at each point in F g and is constant along F g . In section 3.3 we will discuss the classification of such conjugacy classes of symmetries.
Conjugacy classes of symmetries
Motivated by the analysis of section 3.2, we will now consider a classification of all conjugacy classes of elements g ∈ Stab + (v) fixing a positive definite 4-dimensional subspace in L v ⊗ R ∼ = R 4,21 . A first rough classification follows by considering the possible eigenvalues of g in the defining 25-dimensional representation. By construction g acts non-trivially only on a negative definite sublattice Γ g ⊆ L v ∩ Π ⊥ of rank 21 − d, d ≥ 0, so that there are only 21 − d non-trivial eigenvalues. By theorem 3, the lattice Γ g can be primitively embedded in the Leech lattice Λ, and the non-trivial eigenvalues of g are the same as for an element g ′ ∈ Co 0 , such that the cyclic group g ′ ⊂ Co 0 is the pointwise stabilizer of a 3 + d dimensional sublattice Λ g ′ ⊂ Λ. There are 42 conjugacy classes [g ′ ] of Co 0 with the property that its elements g ′ stabilize a sublattice of rank at least 3 (see [25] ). As a matter of fact, all such classes actually stabilize a lattice of dimension at least 4, so that d ≥ 1. Furthermore, for any two distinct Co 0 classes, the corresponding elements have different sets of eigenvalues, and non-isomorphic lattices Λ g ′ = (Λ g ′ ) ⊥ ∩ Λ (see for example [23, 26] ). The sets of eigenvalues are most easily encoded in the Frame shape of g ′ , i.e. a symbolic product
If g ′ acts as a permutation of the vectors in some basis of the 24 dimensional representation of Co 0 , then all k ℓ are non-negative and the Frame shape coincides with the cycle shape of the permutation. By theorem 3, we conclude that there are 42 possible sets of eigenvalues for symmetries g ∈ Stab + (v), each corresponding to a certain isomorphism class of lattices Γ g . While two elements g 1 , g 2 ∈ Stab + (v) with different Frame shapes obviously belong to distinct Stab + (v) conjugacy classes, the converse is not necessarily true: it could happen that g 1 , g 2 with the same Frame shape are not conjugate in Stab + (v). We are left with the problem of determining the possible classes for each of the 42 Frame shapes. The following lemma is useful in this sense. Proof. This is an immediate generalization of the proof of Lemma 8 in [9] .
In the case we are interested in, L is the lattice L v = v ⊥ ∩ Γ 5,21 , G = Stab + (v) is the subgroup of O(Γ 5,21 ) preserving v and preserving the orientation of positive definite 4-subspaces in L v ⊗ R, and the lattice M is the coinvariant sublattice Λ g = Λ ∩ (Λ g ) ⊥ , i.e. the orthogonal complement of the g-fixed sublattice in the Leech lattice, for some g ∈ Co 0 with the given Frame shape π g . Therefore, the symmetries with Frame shape π g up to Stab + (v) transformations are in one to one correspondence with the double cosets
where Stab + (v) is the stabilizer of v in O + (Γ 5,21 ). In principle, one might want to consider the number of classes of symmetries up to O + n transformation, where O + n might contain (at least) elements that flip the sign of the vector v. We will not do this in this paper, but just notice that the number of cosets (3.6) gives an upper bound on the number of cosets up to O + n transformations. On the other hand, for most Frame shapes π g , this upper bound is either 1 or equals some lower bound that can be obtained by other arguments (in particular, by the number of known twining genera).
The single cosets (3.6) are in one to one correspondence with the cosets in {(v,î) |î : Λ g ֒→ Γ 5,21 primitive,v ∈ Γ 5,21 primitive,v 2 = 2m − 2}/O + (Γ 5,21 ) .
(3.7) Indeed, there is a map from (3.6) to (3.7) given by assigning a coset [i] with representative i the coset [(v, i)] with representative (v, i). If we choose a different representative i ′ in the same coset [i], then (v, i) and (v, i ′ ) are related by Stab + (v) ⊂ O + (Γ 5,21 ), so they belong to the same [(v, i)]. It follows that the map is well defined. Vice versa, given any coset in (3.7), using the fact that any two primitive vector of same length in Γ 5,21 are related by an O + (Γ 5,21 ) transformation, we can choose a representative of the form (v,î), and the embeddingî is determined up to automorphisms in Stab + (v). Therefore, this determines a coset [î] in (3.6), and gives a well defined map from (3.7) to (3.6) that is clearly the inverse of the previous one.
The quotient in (3.7) admit two alternative useful descriptions. The first is given by noticing that a pair (v,î) as in (3.7) determines an embeddingĩ : Λ g,n ֒→ Γ 5,21 , where Λ g,n := Λ g ⊕ 2n − 2 . The second one uses the fact that the lattices Λ g we are considering are the same appearing in the classification of symmetries of NLSM on K3. Using the results of [27] , one can show that all such lattices can be primitively embedded in an even unimodular lattice Γ 4,20 (see [2] for details). For any decomposition Γ 5,21 = Γ 1,1 ⊕Γ 4,20 , this gives a primitive embedding of Λ g in Γ 5, 21 , such that the orthogonal complement K is of the form K = Γ 1,1 ⊕ K ′ for some lattice K ′ . For lattices K of this form, theorem 1.14.2 of Nikulin [27] then implies that the primitive embedding of Λ g in Γ 5,21 is unique up to O + (Γ 5,21 ) transformations. For each Λ g let us choose one such primitive embedding i g : Λ g → Γ 5,21 , and set K := i g (Λ g ) ⊥ ∩ Γ 5,21 . Then, each coset in (3.7) has a representative of the form (v, i g ), wherev ∈ K ⊂ Γ 5,21 is determined up to O + (Γ 5,21 ) transformations acting trivially on i g (Λ g ). The latter transformations act on K by an automorphism in O 0+ (K), fixing the orientation of positive definite 5-dimensional subspaces and acting trivially on K * /K. In fact, every element in O 0+ (K) extends to an O + (Γ 5,21 ) automorphism acting trivially on K ⊥ ≡ i g (Λ g ). We conclude that the cosets in (3.7) are in one to one correspondence with
{primitive
i.e. O 0+ (K)-orbits of primitive v ∈ K of length 2n − 2. It remains to count these orbits. First of all, given a primitive v ∈ K, let div(v) be the maximal positive integer such that v div(v) ∈ K * . One has div(v) divides gcd(N, 2n − 2), and that for any
so that a necessary condition for two primitive vectors v, v ′ ∈ K of same length 2n−2 to be in the same O 0+ (K)-orbit is that v div(v) and v ′ div(v ′ ) are in the same K * /K coset (in particular, div(v) = div(v ′ ); this is true more generally for vectors in the same O(K)-orbit). Therefore, there is at least one O 0+ (K)-orbit for each generator x ∈ K * /K (elements x ∈ K * /K that are not generators cannot be written as v/ div(v) for some v ∈ K).
The case where div(v) = 1 is particularly interesting. This condition corresponds to the trivial coset x ≡ 0 ∈ K * /K, since v div(v) = v ∈ K. This is the only possible value for div(v) when the order N of g and the norm v 2 = 2n − 2 are coprime. Furthermore, as we will argue in section 4, based on the analysis of section 2.3, this is also the case when the NLSM is a symmetric orbifold Sym n (C K3 ) of some NLSM on K3 C K3 , and g is induced by a symmetry of C K3 . It is easy to see that div(v) = 1 if and only if v ⊕ Λ g is a primitive sublattice in Γ 5,21 . 8 Therefore, in the case of div(v) = 1, the number of classes equals the number of primitive embeddings of v ⊕ Λ g in Γ 5,21 modulo O + (Γ 5,21 ). Since v ⊕ Λ g is indefinite of signature (1, d) , 0 ≤ d ≤ 20, one can apply the theorems by Miranda and Morrison [28, 29] to compute the number of such embeddings. This number depends essentially on the discriminant form v ⊕ Λ g , which is the direct sum of the discriminant form on Λ * g /Λ g plus the discriminant form (A, q), where A ∼ = Z 2n−2 has a generator x such that q(x) = 1 2n−2 . The necessary information about the discriminant forms is reported in appendix D. The results of this calculation are contained in table 1.
More generally, if div(v) > 1, then v div(v) determines a non-trivial element x ∈ K * /K ∼ = Λ * g /Λ, so that one has a primitive embedding in Γ 5,21 of an overlattice N ⊃ v ⊕ Λ g , generated by v ⊕ Λ g together with a vector of the form
Thus, N is an indefinite lattice with discriminant group is a quotient of the discriminant group of v ⊕ Λ g . In principle, one might be able to work out all the possibilities, but we will not do this here.
Second quantized twining genera
Let C be a NLSM on a single K3 surface, and let us consider the symmetric orbifold Sym n (C). The elliptic genus is given by the p m coefficient in the infinite product [30, 31] Let G be the symmetry group of the 'seed' model C, commuting with the N = 4 SCA and the spectral flow generators. The action of G lifts to a group of symmetries 8 Suppose div(v) = 1. Every primitive vector of v ⊕ Λ g is of the form av + bλ, with λ primitive and gcd(a, b) = 1. Suppose that 1 k (av + bλ) ∈ Γ 5,21 ⊂ K * ⊕ (Λ g ) * for some integer k. Since av k ∈ K * and div(v) = 1, it must be k|a and av k ∈ K, i.e. av k belongs to the trivial coset of K * /K ∼ = (Λ g ) * /Λ g . Since av k + bλ k ∈ Γ 5,21 , the gluing conditions imply that also bλ k ∈ Λ g . As a consequence, k divides b, because λ is primitive. But then k divides gcd(a, b) = 1, so that k = 1. Thus, every primitive vector of v ⊕ Λ g is primitive in Γ 5,21 as well. For the vice versa, notice that, for a general div(v), the gluing construction implies that Γ 5,21 ⊂ K * ⊕ (Λ g ) * contains a vector of the form 1 div(v) (v + λ), for some λ ∈ Λ g , so if div(v) > 1 then v ⊕ Λ g is not primitively embedded in Γ 5,21 . G of Sym n (C) satisfying analogous properties (conditions (1) and (2) of section 3.1), and preserving the twisted and untwisted sectors. More precisely, the groupG fits in an exact sequence
where H is a group acting trivially on the untwisted sector. Since Sym n C is generated by the untwisted sector and by the ground state of the σ-twisted sector, with σ ∈ S n a single transposition, the group H can only act by phases on the σ-twisted ground state. The only such symmetry is, in fact, the quantum symmetry, so that H ∼ = Z 2 , andG is a Z 2 central extension of G.
In the language of the previous sections, the model Sym n (C) will correspond to a positive definite four- 21 for a primitive v ∈ Γ 5,21 of length 2n − 2. Since G is a symmetry of the fundamental string world-sheet theory, one can argue that it will lift to a symmetry of the whole string theory, so thatG will act on L v by lattice automorphisms. The analysis of section 2.3 shows that Π is orthogonal to a vector s ∈ L v , with s 2 = 2 − 2n, and such that L v ∼ = s ⊕ ⊥ Γ 4,20 . The quantum symmetry of the model, that acts by s → −s and fixes L v ∩ s ⊥ ∼ = Γ 4,20 , is central inG, sinceG does not mix the untwisted and the twisted sectors. This means that the action ofG on L v preserves setwise the sublattice s ⊥ ∩ L v ∼ = Γ 4, 20 . The groupG has a normal subgroup of index 2 that fixes the vector s and acts faithfully on Γ 4,20 . This means that this normal subgroup is isomorphic toG/H ∼ = G; therefore, the Z 2 extension of G is split, andG ∼ = Z 2 × G. Thus, the lift of G to Sym n C can be chosen to act trivially on the twisted ground state and to be isomorphic to G itself. With a certain abuse of notation, we will denote this lift again by G. Since G fixes s, it must act trivially on L * v /L v . Therefore, the action of G on L v extends to an action on Γ 5,21 by automorphisms that fix v. Therefore, conditions (1), (2), and (3) of section 3.1 are satisfied.
Let Γ G be the G-fixed sublattice of Γ 5,21 and Γ G = (Γ G ) ⊥ ∩ Γ 5,21 its orthogonal complement. One has Γ g ⊂ Γ G for all g ∈ G. Recall that v and s are contained in a sublattice Γ 1,1 ⊂ Γ 5,21 . Since both v and s are G-fixed, then Γ 1,1 is a sublattice of Γ G , and v has divisor 1 in this sublattice. Therefore, the sublattice Γ G ⊕ ⊥ v is primitive in Γ 5,21 , and the same is true for the sublattices Γ g ⊕ ⊥ v for all g ∈ G.
We conclude that, as claimed in section 3.3, the Stab + (v)-conjugacy class of any symmetry g of Sym n (C), inherited from a symmetry of C, is such that v has divisor 1 in Γ 5,21 ∩ Γ g . Therefore, these classes are the ones described in table 1.
The twining genera φ Sym n (K3) g can be obtained from the generating functions 4) where N is the order of g, andĉ t are the Fourier coefficients of the discrete Fourier
Therefore, the twining genera of the symmetric orbifold Sym n (C) are completely determined in terms of the twining genera of the 'seed' K3 model C. The complete list of the possible twining genera for a K3 model C can be found in [10] . The twining genera φ g can be written as
where χ 0,1 and χ −2,1 are the standard weak Jacobi forms given in terms of Jacobi theta functions and Dedekind eta series as
7)
A g is a constant depending on the the Frame shape of g (specifically, if π g = ℓ|N ℓ k ℓ is the Frame shape of g, then A g = 1 12 ℓ|N k ℓ ), and F g (τ ) is a modular form of weight 2 for a congruence subgroup of SL(2, Z), which is given in table 1 (see [10] for notation).
The generating function Ψ g can be 'completed' to a function
which is a meromorphic Siegel modular form for a congruence subgroup of Sp(4, Z) of weight (d − 4)/2, where d is the dimension of the g-fixed subspace in the 24dimensional representation. Here, the product is over m, n, l ∈ Z with m, n ≥ 0, and with l < 0 whenever m = n = 0. The function
is a Jacobi form of weight 4 − d and index 1 for a subgroup of SL(2, Z), and it only depends on the Frame shape of g. This leads to a very surprising phenomenon. Suppose we have two different NLMS on K3 C and C ′ , with symmetries g and g ′ having the same Frame shape, but belonging to different O + (Γ 4,20 ) conjugacy classes, and giving rise to different twining genera φ g and φ g ′ . As a consequence, we have different generating functions Ψ g and Ψ g ′ , and one would expect the twining genera φ Sym n (C) g and φ Sym n (C) g ′ to be different for generic n. However, as can be seen by a quick inspection of table 1, there are many cases where, for any n > 1, there is a unique conjugacy class of symmetries with a given Frame shape (e.g., this happens for the Frame shapes 1 2 11 2 , 1 1 2 1 7 1 14 1 , 1 1 3 1 5 1 15 1 , and many more). This means that there exists a continuous deformation from the model Sym n (C) to the model Sym n (C ′ ), such that the symmetry g of Sym n (C) is preserved and mapped to the symmetry g ′ of Sym n (C ′ ). This deformation must move outside of the symmetric orbifold locus, otherwise it would exist already at the level of the seeds theories C and C ′ , i.e. for n = 1.
It follows that, while Ψ g and Ψ g ′ are defined in terms of totally different infinite products, they actually differ only for the p 1 coefficient, while all the p n coefficients are the same for n > 1. For this to be true, the exponents of the two infinite products must conspire in order to give infinitely many cancellations.
This phenomenon is even more striking if we consider the 'completions' Φ g and Φ g ′ , because their inverse 1/Φ g and 1/Φ g ′ must differ only for the p 0 term (notice that ψ g = ψ g ′ , since these functions only depend on the Frame shape). Thus, the difference 1/Φ g − 1/Φ g ′ should be a function of τ and z only. But it should also be a Siegel modular form, which seems impossible for a function of τ and z! In fact, there is only one possibility for this to be true: the modular weight must be zero and the functions 1/Φ g and 1/Φ g ′ only differ by a constant (i.e., independent also of τ and z). Indeed, one can check that this phenomenon only occurs for Frame shapes such that the g-fixed subspace is 4-dimensional so that the modular weights of Φ g and Φ g ′ (or their inverse) is 0. Furthermore, quite amazingly, it turns out that the difference φ g − φ g ′ is always proportional to ψ g = ψ g ′ (which has weight 0 for these cases)! Thus, the p 0 term in the difference 1
These observations give strong support to our statement that φ
for all n > 1. For the two twining genera φ g and φ g ′ related to the Frame shape 1 2 11 2 , we verified these identities up to n = 12. 9 It would be interesting to prove rigorously these identities for all n > 1. A possible strategy for the proof is the following. One knows that Φ g − Φ g ′ is a meromorphic Siegel modular form of weight 0. Using some theorems by Borcherds, one knows the location of the poles of 1/Φ g and 1/Φ g ′ . In many cases, one also knows the coefficients of these poles. If one could prove that all poles of 1/Φ g and 1/Φ g ′ are in the same location and have the same coefficients, then the difference should be a holomorphic Siegel modular form of weight 0, which is necessarily a constant. Table 1 : The first column contains all possible Frame shapes π g of a symmetry g of a NLSM on K3. For each of them, in the second column we report the possible fixed sublattices (Γ 4,20 ) g in the action of g on Γ 4,20 , which was derived in [32] . The third column contains the number of primitive embeddings of the lattice v ⊕ Γ g , with v 2 = 2n − 2, in Γ 5,21 up to O + (Γ 5,21 ) automorphisms. The techniques used for this computation are the theorems in [28, 29] , and the necessary information for the calculation is contained in in appendix D. The notation is as follows: for each possible value of n, we report a number of circles • and double arrows ; each circle represents a class that is self-conjugate under O(Γ 5,21 ) \ O + (Γ 5,21 ) transformations, while the double arrows represent a couple of O + (Γ 5,21 ) giving rise to a unique O(Γ 5,21 )-class. When we don't specify the value of n, it means that the result is valid for all n. The reason for counting these classes is explained in section 3.3. The last column contains the possible modular forms F g (τ ) that determine the twining genus φ g , see eq.(4.6). The modular forms are expressed in terms of Eisenstein series and products of η-series; see [10] for the precise notation.
Discussion
In this final section, we discuss some possible directions of investigation for future works.
• As discussed in section 2.1, it would be useful to have complete and rigorous characterization of the duality groups O + n of SCFTs of K3 [n] -type, analogous to the one valid for NLSM on K3 (see [15] ). In particular, it should be possible to prove (based on very basic assumptions on the moduli space M n , such as the fact that it is Hausdorff), that the group O + n always acts by automorphisms of the lattice L v . This result would already give further support to the analysis of section 2.3. Determining which precise subgroup of O(L v ) corresponds to the duality group seems more difficult.
• The precise location of the locus M sym n inside the moduli space M n seems to be still an open problem. This is probably related with the precise identification of the holographic duals of symmetric orbifolds (see for example [33] [34] [35] [36] for older and more recent results on this subject). It would be interesting to combine the results of our article, which arise only from considerations about the boundary CFT, with the analyses in these papers.
• The study of symmetric orbifolds leads to some puzzles about the location of singular models in the moduli space. Some puzzling features of symmetric orbifolds were already stressed in [4] . Clarifying these issues might lead to a major improvements of our results.
• The classification of symmetries in section 3.1 is conditional to certain assumptions and subject to some restrictions. Can we obtain a more general statement by removign some of these restriction? In particular, if the models corresponding to four-planes Π ⊂ L v ⊗ R that are orthogonal to roots r ∈ L v , r 2 = −2, are consistent, one might want to include their groups of symmetries in a more general classification. This problem is superficially similar to the one studied in [9] , where the results of [2] concerning non-linear sigma models on K3 were extended to include the 'singular' K3 models, in order to obtain the full group of symmetries of the type IIA string theory on K3. However, there are some technical difficulties in extending the results of the present paper to include those models -in particular, it is not obvious that one can always embed the resulting symmetry groups in the groups of automorphisms of Niemeier lattices, which was one of the main tools used in [9] .
• As explained in section 4, our result suggest that there exist a number of highly non-trivial identities among Siegel modular forms that can be written as Borcherds products. From a mathematical perspective, it would be nice if one could prove those identities rigorously, maybe along the lines described in section 4. From a physicists' viewpoint, the interest in those Siegel forms is that they are generating functions for the multiplicities of 1/4 BPS dyons in compactifications of type II string theory on K3 × T 2 [30, 31, [37] [38] [39] [40] [41] [42] [43] [44] . The fact that they differ only for the constant term means that, for certain pairs of duality orbits of charges, the 1/4 BPS multiplicities are different only when the electric and magnetic charges Q and P are null and orthogonal P 2 = Q 2 = P · Q = 0. It would be interesting to understand the physical meaning of this difference.
is the locus where the NLSM is not well-defined [15] . In the limit where one approaches the locus S, some D-brane becomes massless and cannot be decoupled from the dynamics of the fundamental string, even in the weak string coupling limit. Type IIA string theory on K3 is perfectly well defined even on the locus S, and the moduli space of type IIA string theory on K3 is M IIA = (O + (Γ 4,20 )\Gr + (4, 20))× R + , where R + represents the string coupling. D-branes carry R-R charge taking values in H * (X, Z) ∼ = Γ 4, 20 . A D-brane carrying charge v ∈ H * (X, Z), v 2 > 0, has mass proportional to v 2
where v L and v R are, respectively, the components of v along Π and orthogonal to Π. For a given D-brane charge v, there is a locus of attractor moduli in M K3 where the mass is minimized. This means that v R = 0, i.e. the four plane Π must contain v.
For type IIB on K3, besides the metric and B-field on K3 and the string coupling, there are in addition RR moduli C ∈ H * (X, R) (modulo H * (X, Z)). These moduli determine an oriented positive definite 5-plane in H * (X, R) RR ⊕ H 0 (X, R) N S ⊕ H 4 (X, R) N S (there are two copies of H 0 and H 4 , one related to D1 and D5 branes, and the other to fundamental strings and NS5 branes) spanned by (Π, 0, C · Π) (C, 1, 1/g s ) .
(A.7)
More explicitly, if
then the 5-plane is spanned by
Consider a charge vector (v, 0, 0) ∈ H * (X, Z) RR ⊕ H 0 (X, R) N S ⊕ H 4 (X, R) N S , with v = (r, 0, −p) ∈ H 0 (X, Z)⊕H 2 (X, Z)⊕H 4 (X, Z) = H * (X, Z) RR , r, p > 0. This charge corresponds to bound state of D1-D5 branes, carrying r units of D5-brane charge and p units of D1-brane charge. The attractor manifold for this system is given by the Grassmannian of five planes Π that contain v. This means that v must be a linear combination of the five vectors above. This gives the conditions
The first condition means that the NS B-field must be contained in the 3-dimensional subspace ω 1 , ω 2 , ω 3 ⊂ H 2 (X, R), i.e. must be self-dual. The second condition fixes the volume V in terms of the charges; for B = 0, this is just the ratio p/r. Finally, the third condition implies that the RR moduli must have the form where β ∈ R andB is an arbitrary class in H 2 (S, R)/H 2 (S, Z).
A.2 Non-linear sigma models on Hilb n K3
The worldvolume theory of the D1-D5 system wrapping K3 × S 1 × R t , in the limit where the volume of the K3 surface is much smaller than the volume of the circle S 1 (V 1/4 ≪ R S 1 ), is described by a non-linear sigma model with target space a hyperkähler manifold of dimension 4n, n = rp > 1, in the same moduli space of the symmetric product Sym n S of the K3 surface S. Mathematically, these hyperkähler manifolds can be described as deformations of S [n] , the Hilbert scheme of n points of S. The latter is a crepant resolution π : S [n] → Sym n S of Sym n S, which is singular at the 'small diagonal', the locus of points (x 1 , . . . , x n ) ∈ Sym n S where x i = x j for some i = j. Let X be a generic deformation of some Hilbert scheme S [n] . The integral second cohomology H 2 (X, Z) can be endowed with a non-degenerate even bilinear form (the Beaville-Bogomolov form); with this bilinear form H 2 (X, Z) is isomorphic to an even lattice of signature (3, 20) 
A non-linear sigma model on a hyperkähler manifold X of type K3 [n] , n > 1, is specified by a hyperkähler structure on X and a closed B-field. For fixed volume V , the hyperkähler structure is parametrized by a choice of an oriented positive definite 3-plane
spanned by three positive pairwise orthogonal ω
. When X is a Hilbert scheme X = S [n] of n points on a K3 surface S, there is a canonical lattice isomorphism (which extends by linearity to an isomorphism of real and complex cohomology)
where the first summand is spanned by pullbacks π * f (n) of symmetrization f (n) of integral cohomology classes f ∈ H 2 (S, Z) on S, while the second summand is spanned by a class δ ∈ H 2 (S [n] , Z), δ 2 = 2 − 2n, such that 2δ is Poincaré dual to the exceptional divisor. The complex structure on S induces a complex structure on S [n] : if Ω = ω 2 + iω 3 spans H 2,0 (S), then its image Ω [n] = π * Ω (n) ∈ H 2,0 (S [n] ) (the image under the isomorphism above) spans H 2,0 (S [n] ). Note that, with respect to this complex structure, the class δ is always contained in the H 
Here, β represents the B-field flux through the the exceptional divisor of S [n] . Finally, the volume of S [n] can be fixed to be simply the n-th power V n of the volume of S.
B Some basic facts about lattices
In this appendix, we review some useful facts about lattices. See [45] , [27] for more information.
A lattice L of rank n (over Z) is a free Z-module L ∼ = Z n of rank n, with a quadratic form Q : L → R,
and a symmetric Z-bilinear form B : L × L → R with
We will also use the notation v · w or (v, w) for the bilinear form B. A vector v ∈ L is called primitive if it is not an integral multiple mw, m > 1, of another vector w ∈ L. An embedding S ֒→ L of a lattice S into a lattice L is called primitive if L/S is free; equivalently, if every primitive vector of S is mapped to a primitive vector of L.
One can think of a lattice L as being embedded in the real space L ⊗ R with bilinear form induced by extending B by R-linearity. The signature of L is the signature of the bilinear form B on the real vector space L ⊗ R. The lattice is non-degenerate if the only vector v ∈ L such that B(v, w) = 0 for all w is v = 0; in this article, we mostly deal with non-degenerate lattices, so in the following we will implicitly assume that lattices are non-degenerate.
The lattice L is called integral if the bilinear form B takes values in Z, and even if the quadratic form Q takes values in 2Z; notice that even lattices are also integral. The dual lattice L * is the lattice Hom Z (L, Z) of Z-linear homomorphisms from L to Z, and can be identified with a lattice in L ⊗ R, by
A lattice L is called self-dual (or unimodular), if L * ∼ = L. An even unimodular lattice of signature (a, b) exists if and only if a − b ≡ 0 mod 8. Two indefinite even unimodular lattices with the same signature are always isomorphic; we will denote by Γ a,b such a lattice. Given a basis of generators v 1 , . . . , v n of L, the Gram matrix of L is the n × n real symmetric matrix with entries B ij = B(v i , v j ). Notice that the Gram matrix of L * is the inverse of the one of L. The group O(L) of automorphisms of the lattice L is the subgroup of the real orthogonal group on R n preserving the lattice L.
If L is integral, then L ⊂ L * , and A L := L * /L is a finite abelian group called the discriminant group. The order |A L | of A L is called the discriminant of L, and is equal to the determinant of the Gram matrix. We will mostly be interested in discriminant groups of even lattices. The discriminant group A L of an even lattice L has a quadratic form (the discriminant form) q L : A L → Q/2Z induced by the quadratic form on L * and L. The group O(A L ) ≡ O(q L ) is the group of automorphisms of the abelian group A L that preserve the quadratic form q L . There is a natural homomorphism O(L) → O(q L ), which is in general neither injective nor surjective. The kernel of this homomorphism is the subgroup O 0 (L) ⊂ O(L) acting trivially on L * /L. As shown in [27] (theorem 1.14.2), if an even lattice L contains a copy of the even unimodular lattice Γ 1,1 , then O(L) → O(q L ) is surjective. Two even lattices have the same signature and isomorphic discriminant forms if and only if they are in the same genus (see [27] for a proof and [45] for the definition of genus).
Let M be an even lattice, L be an even unimodular lattice, and M ֒→ L a primitive embedding. Then, if K := M ⊥ ∩ L is the sublattice of L orthogonal to M (here, identified with the image in L of the primitive embedding), one has the inclusions
Furthermore, there is an isomorhpism γ : A M ∼ = → A K of abelian groups that inverts the discriminant form, i.e.
and such that
wherex andȳ are the images of x ∈ M * and y ∈ K * in the discriminant groups A M = M * /M and A K = K * /K, respectively (see [27] , proposition 1.6.1). Vice versa, if M and K are two even lattices for which there exists an isomorphism γ : A M ∼ = → A K that inverts the discriminant form, then the lattice L defined by (B.6) is even unimodular and contains M and K as primitive sublattices. In this case, we say that M and K have been 'glued' to obtain L.
Let L be an even lattice. Given a primitive vector x ∈ L, the divisor div(x) is the maximal positive integer such that x div(x) ∈ L * (and this implies that x div(x)
is primitive in L * ). Thus x div(x) modulo L is a generator of order div(x) of the discriminant group. This implies that div(x) divides the order of the discriminant group. Furthermore, since x div(x) ∈ L * , we have (x,x) div(x) ∈ Z, so that div(x) divides also (x, x). Now, given v ∈ L of norm 2n − 2, one has that div(v) divides both 2n − 2 and the order of A L . In particular, when 2n − 2 is coprime to |A L |, one has div(v) = 1.
Clearly, a necessary condition for two primitive vectors u, v ∈ L to be related by some automorphism in O(L) is that they have the same length and the same divisor. For certain lattices L, this condition is also sufficient. The following criterion is wellknown.
Proposition 5. (Eichler criterion). Let L be an even lattice containing two copies U, U 1 ∼ = Γ 1,1 of the even unimodular lattice of signature (1, 1)), so that L = U ⊕ U 1 ⊕ L 0 . Then any two vectors u, v ∈ L that are primitive, with the same length (u, u) = (v, v) and such that u div(u) ≡ v div(v) mod L are related by an O + (L) transformation acting trivially on the discriminant form.
See [46] proposition 3.3 for a proof. We notice that a primitive null vector e ∈ L can be a generator of an hyperbolic lattice U ⊂ L (i.e. there exist a null f ∈ L such that (e, f ) = 1) if and only if div(e) = 1.
Let A L = L * /L be the discriminant group of the even lattice L; there is an orthogonal (with respect to the induced bilinear form
L of A L into its Sylow p-subgroups A In this section, we prove the statement in section 3.1, that the K3 NLSM C ′ with 'the largest symmetry group' [22] , and all its symmetric products Sym n C ′ , admit no symmetries acting trivially on the space of exactly marginal operators.
Let us first prove the statement above for the case n = 1, i.e. for the model C ′ itself. This model is a rational CFT, with the bosonic chiral and antichiral algebras both isomorphic to (ŝu(2) 1 ) ⊕6 . Let us denote by [0] and [1] the modules ofŝu(2) 1 with conformal weights 0 and 1/4 and by [a 1 , . . . , a 6 ; b 1 , . . . , b 6 ] ∈ Z 6 2 ⊕ Z 6 2 the representations of (ŝu(2) 1 ) ⊕6 ⊕ (ŝu(2) 1 ) ⊕6 . Then, the theory contains one copy of each of the representations [a 1 , . . . , a 6 ; b 1 , . . . , b 6 ] with i a i ≡ 0 mod 2 and either a i = b i for all i, or a i = b i + 1 for all i. The holomorphic and antiholomorphic supercurrents are contained in the [1, 1, 1, 1, 1, 1; 0, 0, 0, 0, 0, 0] and [0, 0, 0, 0, 0, 0; 1, 1, 1, 1, 1, 1] modules, respectively. The RR ground fields are contained in the six modules where a i = b i for all i and only one of them is non-zero, that is [1, 0, 0, 0, 0, 0; 1, 0, 0, 0, 0, 0], [0, 1, 0, 0, 0, 0; 0, 1, 0, 0, 0, 0], . . . , [0, 0, 0, 0, 0, 1; 0, 0, 0, 0, 0, 1] .
(C.1) From the description of the spectrum, it is clear that, by taking OPEs of the RR ground fields, of the N = (4, 4) supercurrents, and of the (ŝu(2) 1 ) ⊕6 ⊕ (ŝu(2) 1 ) ⊕6 currents, one can obtain every field in the theory. Thus, we just need to prove that a symmetry acting trivially on N = (4, 4) and on RR ground fields acts trivially also on the Kac-Moody algebra currents. The groups of automorphisms of (ŝu(2) 1 ) ⊕6 is SO(3) 6 : S 6 , where SO(3) 6 = (SU (2)/(−1)) 6 is the group of inner automorphisms generated by the zero modes of the currents. Considering both the chiral and antichiral algebras, one gets a group (SO(3) 6 × SO(3) 6 ) : S 6 ; notice that the spectrum is only invariant under the diagonal S 6 acting simultaneously on the left-and rightmovers. Clearly, a symmetry exchanging the differentŝu(2) 1 subalgebras must also exchange the corresponding RR ground fields, so it cannot act trivially on them. As for symmetries acting by SO(3) 6 × SO(3) 6 automorphisms on the current algebra, compatibility of the OPE between currents and RR ground states require the latter to transform under the corresponding lift in the covering SU (2) 6 × SU (2) 6 . The latter group does not act faithfully on the RR ground states, but the kernel of the action is contained in the Z 6 2 × Z 6 2 central subgroup, which is the kernel of the covering SU (2) 6 × SU (2) 6 → SO(3) 6 × SO(3) 6 . Thus every non-trivial element in SO(3) 6 × SO(3) 6 lifts to an element acting non-trivially on the RR ground fields. It follows that symmetries acting trivially on the ground fields must act trivially also on the currents and we conclude.
The extension of this proof to the case of Sym n C ′ is simple. The untwisted sector of the symmetric orbifold Sym n C ′ contains all the purely holomorphic and purely anti-holomorphic fields of the model, since all twisted sectors ground states have strictly positive L 0 andL 0 eigenvalue. The whole NS-NS untwisted sector of Sym n C ′ is generated (via OPE) by the fields of the form χ [n] := σ∈Sn σ(χ ⊗ 1 ⊗ · · · ⊗ 1), where χ is a holomorphic or a antiholomorphic field in C ′ . A symmetry of Sym n C ′ must preserve the sets of purely holomorphic and purely anti-holomorphic fields, so in particular it must preserve the whole untwisted sector. Furthermore, if a symmetry acts trivially on the exactly marginal operators in the untwisted sector of Sym n C ′ , then it must act trivially also on the generators χ [n] ; if this were not true, then an analogous symmetry would exist for C ′ . Therefore, a symmetry acting trivially on the exactly marginal operators must act trivially on the whole untwisted sector of the theory. Finally, the whole model Sym n C ′ is generated by the untwisted sector and by the twisted ground fields in the [σ]-twisted sector, where [σ] is the S n conjugacy class corresponding to a single transposition. But the supersymmetric descendants of these twisted ground states are also exactly marginal operators. Therefore, a symmetry preserving the N = (4, 4) superconformal algebra, the spectral flow, and acting trivially on all exactly marginal operators must necessarily be trivial.
C.2 Proof of proposition 2
We have to prove that the subgroup G Π of Stab + (v) ⊂ O(Γ 5,21 ) fixing Z = v ⊕ Π pointwise, is isomorphic to the group O 0 (L Π ) of automorphisms of L Π acting trivially on L * Π /L Π . Recall that L Π = L v ∩Π ⊥ = Γ 5,21 ∩Z ⊥ . Let L Π := Γ 5,21 ∩(L Π ) ⊥ and consider g ∈ G Π . Then, g acts trivially on L Π , because, for every v ∈ L Π , v−g(v) ∈ L Π must be orthogonal to Z (since X is fixed by g), so it must be contained in L Π ; but L Π ∩ L Π = 0, so that g(v) = v. Therefore, g preserves the lattice L Π and must be an element of O(L Π ). Now, L Π and L Π are primitive sublattices of Γ 5, 21 , that are the orthogonal complements of each other. As explained in appendix B (see [27] ), this implies there is an isomorphism γ : L * Π /L Π → (L Π ) * /L Π such that (x, y) ∈ L * Π ⊕ (L Π ) * is a vector of Γ 5,21 if and only if the imagesx,ȳ in the discriminant groups are related byȳ = γ(x). Since g is an automorphism of Γ 5,21 , it must preserve this condition and therefore the action of g on L * Π /L Π and (L Π ) * /L Π must be compatible with γ. Since g acts trivially on L Π , and therefore also on (L Π ) * /L Π , then it must act trivially also on L * Π /L Π . Therefore, g ∈ O 0 (L Π ), and
Vice versa, suppose that g ∈ O 0 (L Π ). Then, we can extend the action on Γ 5,21 by requiring it to act trivially on L Π . This action is compatible with the isomorphism γ, and therefore it is an automorphism of Γ 5,21 . Furthermore, it acts trivially on the space
C.3 Proof of proposition 3
Let
Since Γ G ⊗ R contains the positive definite 5-dimensional subspace Z, it must have signature (5, d) for some 0 ≤ d ≤ 21, so that Γ G is negative definite of rank 21−d. By [27] 1.12.3, Γ G can be primitively embedded in the even unimodular lattice Γ 9+d,1+d of signature (9 + d, 1 + d). If S := (Γ G ) ⊥ ∩ Γ 9+d,1+d is the orthogonal complement of Γ G in Γ 9+d,1+d , then S(−1) has signature (1, 4 + d) and the discriminant form
Therefore S(−1) and Γ G can be glued to get the even unimodular lattice Γ 1, 25 . This means that both S(−1) and Γ G can be primitively embedded in Γ 1, 25 . Furthermore, since the induced action of G on the the discriminant group
the action of G on Γ G can be extended to an action on Γ 1,25 acting trivially on the orthogonal complement of Γ G . We conclude that G is a subgroup of the group of authomorphisms O + (Γ 1,25 ) acting trivially on a sublattice S(−1) ⊂ Γ 1,25 of signature (1, 4 + d).
The lattice Γ 1,25 can be described as
i.e. the lattice of vectors (x 0 ; x 1 , . . . , x 25 ) ∈ R 1,25 with all integral or all half-integral entries whose sum is even, with quadratic form (x 0 ; x 1 , . . . , 25 ) is known (see [45] , chapter 27) to be isomorphic to W ⋊ Co ∞ , where W is the (infinite) Weyl group generated by reflections with respect to hyperplanes r ⊥ ⊂ Γ 1,25 ⊗ R ∼ = R 1,25 orthogonal to the roots r ∈ Γ 1,25 , r 2 = −2, and Co ∞ = Leech ⋊ Co 0 is the affine Conway group. The union r∈Γ 1,25 ,r 2 =−2 r ⊥ of hyperplanes orthogonal to the roots divides the space Γ 1,25 ⊗R ∼ = R 1,25 into infinitely many connected components; the closure of any such component is called a Weyl chamber. The Weyl group acts transitively by permutation on the set of Weyl chambers, and if D is the interior of any Weyl chamber, then for any t ∈ W , t = 1, one has t(D) ∩ D = ∅. We call the Weyl chamber containing the null vector w = (70; 0, 1, 2, 3, . . . , 24) ∈ R 1,25 , w 2 = 0 (Weyl vector) the fundamental Weyl chamber, and the roots corresponding to the hyperplanes delimiting the fundamental chamber are called fundamental roots. The Weyl vector w has the property that (w, r) = −1 for every fundamental root r. The group Co ∞ can be identified with the subgroup of O + (Γ 1,25 ) fixing the fundamental chamber (setwise), and it fixes the Weyl vector w. Finally, notice that the lattice (Γ 1,25 ∩ w ⊥ )/ w is isomorphic to the negative definite Leech lattice Λ.
Since Γ G contains no roots, then S(−1) ⊗ R = (Γ G ) ⊥ cannot be contained in r ⊥ for any root r, and therefore cannot be contained in the union r∈Γ 1,25 ,r 2 =−2 r ⊥ (given any two vectors of S(−1)⊗R not contained in the same hyperplane, a suitable linear combination of them is not contained in the union). Therefore, the group G ⊂ O + (Γ 1,25 ) fixes a vector in the interior of a Weyl chamber. The embedding of Γ G in Γ 1,25 is defined up to O + (Γ 1,25 ) transformations, and one can use this freedom to make sure that G fixes a vector in the interior of the fundamental chamber. This implies that G is a subgroup of the group Co ∞ preserving this chamber -any automorphism outside Co ∞ maps the fundamental chamber to a different chamber, so it cannot fix a vector in its interior. It follows that G fixes the Weyl vector w, so that Γ G ⊂ Γ 1,25 ∩ w ⊥ . Composing the embedding Γ G ֒→ Γ 1,25 ∩ w ⊥ with the map Γ 1,25 ∩w ⊥ → (Γ 1,25 ∩w ⊥ )/ w , one obtains a primitive embedding of Γ G in the Leech lattice Λ. By the same argument as above, the action of G on Γ G can be extended to an action on the Leech lattice Λ acting trivially on the orthogonal complement of Γ G . Therefore, G is contained in the subgroup of the Conway group Co 0 acting trivially on the orthogonal complement Λ G := (Γ G ) ⊥ ∩ Λ. In fact, G coincides with the subgroup of Co 0 fixing pointwise the lattice Λ G : any generator in this group has a well defined action on (Γ G ) ⊥ ∩ Λ ∼ = Γ G , and the action can be extended to an automorphism of Γ 5,21 acting trivially on the orthogonal complement Γ G , and therefore fixing Z pointwise.
For the vice versa, letG ⊂ Co 0 be the pointwise stabilizer of a sublattice ΛG ⊂ Λ of rank 3 + d, d ≥ 0, and let ΛG := (ΛG) ⊥ ∩ Λ be its orthogonal complement in Λ. If d > 0, then the results in [2] imply that there exists a well defined non-linear sigma model C on K3 with symmetry groupG. Therefore, the n-th symmetric product Sym n C of this non-linear sigma model has a group of symmetries containingG. In fact, the symmetry group of Sym n C is strictly larger, because of the Z 2 symmetry acting by (−1) sgn(σ) on the σ-twisted sector. On the other hand, the groupG of symmetries is preserved by deformations induced by exactly marginal operators in the twisted sector, so that we have a continuous family of models whose symmetry group containsG. A generic element in this family is non-singular and its symmetry group is exactlyG.
Let us now consider the case where d = 0. Consider a lattice Λ G (−1) ⊕ ⊥ v of signature (4, 0) given by the orthogonal sum of Λ G (−1) and a 1-dimensional lattice v generated by a vector v of square norm 2n − 2. By theorem 1.12.3 of [27] , this lattice can be primitively embedded in the E 8 lattice. Let S := (Λ G (−1)) ⊥ ∩ E 8 and S 0 := (Λ G (−1) ⊕ v ) ⊥ ∩ E 8 be the orthogonal complements of Λ G (−1) and Λ G (−1) ⊕ ⊥ v in E 8 . Then, S has rank 5 and q S ∼ = −q Λ G (−1) = q Λ G ∼ = −q Λ G , so that S and Λ G can be glued to obtain the even unimodular lattice Γ 5,21 . By taking Z ≡ S ⊗ R ⊂ R 5, 21 , we obtain that the stabilizer of Z in O + (Γ 5,21 ) is exactly the groupG. Furthermore, Z contains the vector v of length 2n − 2, so that it is an attractor point for the stringy-like object of the corresponding charge. It remains to check that the point in the moduli space of NLSM on K3 [n] determined by Z is non-singular. By construction, Z ⊥ ∩ Γ 5,21 = Λ G , which contains no roots, since it is a sublattice of the Leech lattice. We need to prove that there are no vectors v ′ , v ′′ ∈ Γ 5,21 such that v ′ + v ′′ = v and v ′ + = αv for some 0 < α < 1. Let us suppose by absurdity that such a vector exists. Since Γ 5,21 ⊂ S * ⊕ Λ * G , and since v ′ + is the component of v ′ along S * ⊗ R ⊂ Γ 5,21 ⊗ R, we obtain that v ′ + ∈ S * . Furthermore, since v ′ + is proportional to v, it must be orthogonal to S 0 ⊂ S * ∩ v ⊥ . Recall that S and Λ G can be 'glued' to get the E 8 lattice, so that for every vectors in S * , and in particular v ′ + , there is a vector λ ∈ (Λ G ) * such that (v ′ + , λ) ∈ E 8 ⊂ S * ⊕ (Λ G ) * . Since both v ′ + and Λ G are orthogonal to S 0 ⊂ S ⊂ E 8 , we have (v ′ + , λ) ∈ E 8 ∩ (S 0 ) ⊥ . But E 8 ∩ (S 0 ) ⊥ = Λ G ⊕ v , so v ′ + must be an integral multiple of v, contradicting the expectation that 0 < α < 1. We conclude that the K3 [n] model specified by Z = S ⊗ R ∈ Γ 5,21 ⊗ R is non-singular.
D Discriminant forms
In this section, we describe the main facts about discriminant forms and a dictionary between the notations used by different authors.
A discriminant form is a finite abelian group A q (we use additive notation for this group) with a quadratic form q : A → Q/2Z. If L is an even lattice, then L * /L with the induced quadratic form is a discriminant form, see appendix B. (Some authors, including Miranda and Morrison [28, 29] , define q as 1/2 of this, so that it is a map into Q/Z instead of Q/2Z. I use convention of [27] here). The rank of a discriminant form is the minimal number of generators of the group.
Two discriminant forms A q and A ′ q ′ are equivalent if there is an isomorphism of abelian groups γ : A q ∼ = → A ′ q ′ that preserves the quadratic forms q ′ • γ = q. One can prove that any discriminant form decomposes into orthogonal components A = ⊕ p prime A (p) , (D.1)
where each component A (p) has order a prime power p k . So, it is sufficient to study discriminant forms whose order is a prime power. Furthermore, if p is odd, A (p) can always be diagonalized, i.e. written (not uniquely, in general) as an orthogonal sum of Jordan components of rank 1. For p = 2, any discriminant form A (2) can be decomposed into Jordan components of rank at most 2.
Let us describe the elementary Jordan components and their notation in [28, 29] (MM) and [27] (N).
For p odd, the inequivalent discriminant forms of rank 1 are denoted by w ǫ p,k , ǫ = ±1 (MM) or q (p) θ (p k ), θ ∈ Z × p k (considered mod (Z × p k ) 2 ) and are given by a cyclic group of order p k , A ∼ = Z/p k Z, with generator x such that q(x) = θ p k , where θ p = ǫ (Jacobi symbol). (Notation: θ is an element in Z × p k , the multiplicative group of integers mod p k that are coprime to p. (Z × p k ) 2 is the subgroup of elements in Z × p k that are squares mod p k (i.e., squares mod p). Two discriminant forms q (p) θ (p k ) and q (p) θ ′ (p k ) are equivalent iff θ ′ = α 2 θ mod p k , for some α 2 ∈ (Z × p k ) 2 , so that the form depends on θ only mod (Z × p k ) 2 . In fact, for p odd, there are only two cosets in (Z × p k )/(Z × p k ) 2 , namely the squares mod p k (i.e., the trivial coset) and the non-squares. The Jacobi symbol θ p , for θ coprime to p, equals +1 is θ is a square mod p and −1 if it is not). To summarize,
p,k if θ is a square mod p , w −1 p,k if θ is not a square mod p .
(D.2)
For p = 2, the irreducible Jordan components can have rank 1 or 2. The inequivalent components of rank 1 are denoted by w ǫ 2,k , ǫ ∈ Z × 8 (MM) or q
θ (2 k ), θ ∈ (Z × 2 k ) (considered modulo (Z × 2 k ) 2 ) and are given by a cyclic group of order 2 k , A ∼ = Z/2 k Z, with a generator x such that q(x) = θ 2 k mod 2Z, where θ ≡ ǫ mod 8. For k = 1, w ǫ 2,1 really depends on ǫ mod 4 rather than mod 8 (see the relations later). To summarize, w ǫ 2,k = q θ 2 (2 k ) = θ 2 k θ = ǫ mod 8 .
(D.3)
The different range of ǫ with respect to the odd case depends on the fact that the quotient (Z × 2 k )/(Z × 2 k ) 2 has four cosets rather than 2. The inequivalent 2-components of rank 2 are given by:
• u k (MM) or u (2) + (2 k ) (N) is given by a subgroup Z 2 k × Z 2 k with generators x, y and quadratic form q(x) = q(y) = 0 mod 2Z and q(x + y) = 2 −k+1 mod 2Z, i.e. u k = u (2) + (2 k ) = 0 2 −k 2 −k 0 (D.4)
• v k (MM) or v
+ (2 k ) (N) is given by a subgroup Z 2 k × Z 2 k with generators x, y and quadratic form q(x) = q(y) = q(x + y) = 2 −k+1 mod 2Z, i.e. v k = v (2)
In general, there are many equivalent ways to decompose a discriminant form into elementary components. All these equivalences are consequence of the following relations:
(w ǫ p,k ) 2 ∼ = (w ǫ ′ p,k ) 2 p odd , (D.6) The genus of a lattice is determined by its signature and its discriminant form. A compact symbol for the genus was given in Conway and Sloane's book [45] . From that symbol, one can derive the corresponding discriminant form using the following dictionary:
In [23] , Höhn and Mason provide the genus of the sublattice Λ g of the Leech lattice Λ (taken positive definite) fixed by some g ∈ Co 0 . The genus is given using the symbol in [45] , so that one can reconstruct the corresponding discriminant form using the dictionary above.
In [28, 29] , Miranda and Morrison use the relations so that the 2-group discriminant form has a decomposition
where m(k) ≤ 1, rank(w(k)) ≤ 2 and w(k) is a sum of components w ǫ 2,k .
We are often interested in considering the opposite of a discriminant form. This can be found using the rules 
